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Abstract 
FRACTURE MECHANISMS OF CONCRETE UNDER 
STATIC, SUSTAINED AND REPEATED COMPRESSIVE LOADS 
The investigation was concerned with the study of the mechanisms 
of crack propagation in plain concrete when subjected to static, high 
sustained or high repeated compressive loads. The objectives were: (1) to 
study the natuee of progressive crack growth of concrete under such loading 
conditions, and (2) to formulate a conceptual model which describes crack 
extension at a given stress, as well as the manner in which failure of 
concrete takes placeo 
The first objective was accomplished by developing a technique 
which allowed continued observation of progressive crack growth on the 
surface of plain concrete prisms under loado Strains were recorded 
throughout the life of each specimeno The effect of the load history, 
the maximum stress level, and the surface condition of the specimen on 
the nature of crack growth were investigated. 
On the basis of the study of surface crack growth and the 
examination of· failed specimens it was possible to formulate a con-
ceptual model which explains the failure mechanism and the various stages 
in the process of crack growtho The validity of the conceptual model 
was tested by performing model studies on simple cracked systems. 
The study of surface crack growth showed that cracks in con-
crete prior to loading have random orientation and are concentrated mainly 
around voids and aggregate-mortar interfaces. Cracking which results from 

load· application is oriented closer to the load direction. Cracking is 
originally restricted to the interfaces between paste and aggregate, 
but if the applied load is increased beyond a given stress level, if the 
load is sustained long enough, or if the specimen is subjected to a certain 
number of cycles of the applied load, the interface cracks extend into 
the mortar. As the time under load increases, cracks increase in number 
and continue to extend. Their orientation becomes progressively closer 
to the direction of the applied load. Frequently, small cracks coalesce 
to form larger cracks. Often, the cracks prefer to. grow along nearby 
interfaces rather than through mortar. 
Most specimens showed large inclined cracks at failure which 
are continuous and which traverse the entire or a major part of the speci-
fuen. Therefore, it was proposed that failure of concrete occurs if the 
conditions for the formation of an inclined failure surface exist. Model 
studies on simplified crack systems support this proposition. It was 
found in these studies that sufficiently close cracks, with various 
relative positions to one another, in most cases, coalesce at a certain 
critical stress as a result of crack interaction and eventually pass 
through the entire specimen so that an inclined failure surface will be 
formed. Similarly, failure of concrete results from the progressive 
joining of small cracks until a crack large enough is formed which will 
lead to spontaneous crack extension, and eventually, to the formation of 
a failure surface. The formation of an inclined failure surface in a 
short-time test on plain concrete may be delayed or prevented by a con-
tinuous reduction of the applied load, thereby allowing the straining of 

the specimen into the descending portion of the stress-strain diagram. 
This reduction of the load along with the arresting action of the aggre-
gates restrains unstable crack growth of the critical crack and, conse-
quently, failure surface formation~ 
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1 • I NTRODUCTI ON 
101 0 Statement of the Problem 
Considerable research work has been denoted to the determination 
of the behavior of plain concrete-under various modes- of loading, such as 
sustai ned and cycl i c stresses, and -under combi ned stresses. Such- studi es 
have concentrated on the strength~def0rmatiorr characteristics of the"material. 
By comparison, much less work has-been done-to determine the effect of the 
microstructure df -the material 6n its-macroscopic behavior. Yet the micro-
structure: has been' found to play an- important- role in the behavior of other 
materials such as structural metals. For exampl-e, the .plastic behavior of 
metals could be related closely to dislocation-processes. Similarly, other 
behavioral properties of interest to the structural engineer such as creep 
or fatigue:have been traced back to the-behavior'of the microstructure of 
particular materialsQ 
Previous studies-showed--that-concrete-cracks extensively under 
load; the-cracks ~riginate at aggregate-;;.matrix inte,rfaces; voids, and other 
inhomogeneities in the-system. Such studies have been mostly of a pheno-
menalogical nature, and: thus, have furnishe,dlittl.e info-rmation about the-
mechani~ms-of crack propagation under various compressive load histories. 
In addition, it-is unknown by whichmechan-i-sm-microc;rack-ing leads 
to'actual failure of the concrete. 
2 
1020 Objective 
The- objective of this-studY'was to investigate the nature of pro-
gressive crack growth of plain concrete' under diffe-rent compressive load 
histories~ and to formulate a conceptual model which explains crack propaga-
tion at· a given stress, as well as the-'manner 7 in which," u,l timate, failure takes 
place. 
1.3. Description of Investigation 
1.3.1. Experimental'Study of the Process of, Cra·ck, Growth 
In fi ve tes t seri es" p 1 a-i n concrete" pri sms were·' sUbj1ected to 
concentric'compressiono The major parameters under study were: (1) load 
hi story ~ (2) maxi mum s tres 51 eve 1, and' (3) the- surface condi ti on of the·: pri sms . 
Load" History: 
Three' different load-histories were' studied! monotonically in-
creasingscyclic, or sustained loads. 
Maximum Stress Level: 
The-effect of maximum stress·level·on progressive crack growth 
under cyclic and sustained loading was studied by subjecting specimens to 
maximum stress levels of 95% and 85% of the'compressive strength~of the 
* pri sms , _ f cuip. 
Refer to List of Notationso 
3 
Minimum Stress Level: 
The minimum stress in cyclic tests was kept close, to· zero. 
Surface Condition of Prisms: 
Crack propagation was studied:on the' surface of the specimen. 
These~sElrfaces either remained -as cast, or a layer 1/4 in. thick was 
sawed· off in order to remove the' surface layer of mortar and to' expose the 
larger aggregateso 
Stress Rate: 
A con stan t s tres s rate of 6-000" p-si Imi n was us ed- in a-ll eyc 1 i c 
tests ~ 
Specimens: 
The'prisms which remained-as cast had dimensions of 4 in. by 4 in. 
by 12 ino Sawed specimens were 3.5 in. by -4 ino by 12 in. The nominal 
concrete strength' after 28 days was 3300 psi. 
1.3.2. Analytical Investigation 
An' analytical model consistfngof'inclined'frictional cracks in 
a compression field was used to investigate the nature of crack growth. The 
stress intensity factor method of fracture mechanics analysis was used to 
determine the crack tip stress' fields, .and the- direction of the most- probable 
crack propagation was predicted. The possible- implications of crack propa-
gation on the failure process was also discussed. In addition, the:effect 
of crack interaction on the crack tip stresses was studied. 
4 
Experimental models, simulating: the analytical mode'l ~ were-studied 
in order- to determine the soundness of the" analysis and to shed some light 
on the- effect of crack i nteracti on on the-: nature of crack growth. The-- model s 
were built-of plaster of Paris; embedde-d-me-tal-piece-s- simulated the- frictional 
cracks. 
5 
2" REVIEW OF INVESTIGATIONS ON THE MICROCRACKING ANn FAILURE PROCESS OF 
CONCRETE IN- COMPRESSION 
201. Experimental Studies on Microcracking in Concrete 
2.lol~ Experimental Techniques 
Many investigators have associated the failure- of concrete in 
compression with a process of slow crack propagation,,_and considerable 
experimental research has been de'voted to- studying the nature of this pro-
cess. Various experimental techniques have been used to determine crack 
growth" They can be subdivided -into' two main categories: (1) direct methods, 
where the- formation of cracks is studied visually, and (2) indirect methods, 
where changes in a particular' concrete- property are recordedo Such- changes, 
in turn, may be related- to' the' formation and/or propagation of crackso 
Evans l and later Hansen 2 used a microscop~ at-magnifications of 
about 200 X to study surface crack growth. The procedure- w·as very tedious, 
time consuming:!) and probably not very reliable·~ Hsu, e;t ale,3 studied in-
ternal crack propagation by cutting specimens, wh-ich had beer-v previously 
loaded to predetermined fractions of the-ultimate' load, into thin horizontal 
sliceso The-slices were then dyed and examined-under a microscope for cracks. 
Slate and 01sefski 4 again used thin- slices, but· studied crack propagation 
by taking radiographs of the slices. The main limitation of these two latter 
procedures is that- progre~sive crack growth-cannot· be- studied: on one and 
the same sample. Forrester5 studied'-internal crack formation- resulting from 
heat development- during hydration. He allowed- 6-in. concrete' cubes-to hydrate 
for 7 days and then' sawed-them in halfo The·' sawed surfaces were impregnated 
with a fluorescent ink which allowed-cracks to·: be seen- when exposed to black 
light. 
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Indirect methods of: studying crack growth go back- as far as 19290 
Richard~ Brantzaeg, and Brown 6 interpreted the-variations in Poisson's ratio 
and volumetric strain of ~concrete specimens load~d in uniaxi~l compression, 
as indications of significant crack growth. Jones 7 found that the pulse 
velocity in concrete decreases with increasing stresses and interpreted' this 
as a measure of progressive cracking~ Ruetz 8 applied the principles of 
acoustic emission to investigations of crack growth in concrete under high 
sus tai ned-loads by conti nuous 1y recordi ng: the·- sounds emi tted' by the' materi a 1 
up tofailureo When cracks form ll part"af" the energy is released as mechanical 
vibrations·which can be"recorded withthe'aid of microphones. An inherent 
difficulty' of all of these indirect techniques is that they fail to give 
a clear picture of the actual nature' of"'cracking. Most- of these' methods are 
not very'" sensitive to minor" cracking, yet they" are reliable· indicators of 
sudden variations in the cracking process. 
Many other investigators have used: variations' of the' methods dis-
cussed to study the process of crack growth. In the' following, the signi-
ficant results of these investigations~are discussed. 
20102. Load' Independent Cr~cking 
Load independent cracking can be attributed to a number of factors, 
among them, volume changes during setting and hardening and temperature 
changes during hydration. Several investigators 3 ,4,5,9 observed cracks, 
mostly concentrated along aggregate-mbrtar interfaces, prior to load 
application. Slate and Olsefski 4 found cracking to be considerable in 
number and Robinson 9 observed that cracks which were initiated prior to 
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loading spread to cause major cracks under load. Forrester S observed that 
the amount of load independent cracking is related to the heat of hydra-
tiona 
2.1.3. Cracking under Short~Time Loads 
The observations which follow are taken from the results of various 
investigations on the cracking process under short-time loads: 
(1) A significant increase in bond cracking, i.e., cracking 
of the aggregate~cement paste interface occurs at 
stress levels iri the order of 25-55% of f 2,3,7 
cu 
(2) Initial cracking under load is oriented roughly at 
angles close to 25° from the direction of load 
application. 10 The first cracks usually appear at 
the interface of large aggregates. 2,3,4 
(3) Bridging of isolated bond cracks through mortar to 
form continuous crack patterns starts to occur at 
stresses in the order of 70-90% of f .3,6,11 This 
cu 
bridging occurs such that the distance traversed 
through mortar is minimized. 3,4 
(4) After microcracks exceed some minimum length they 
are oriented predominantly in an average direction 
parallel to the direction of loading,2,6,7,9,11 
although in some tests 2,12 it has been observed that 
inclined cracks develop suddenly, immediately prior 
to failure. 
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(5) For concrete made from normal aggregates, cracking 
through aggregate is minimal. 3 
(6) The shape of the stress-strain curve bears a close 
relationship with the cracking process of concrete. 3 
2.1.40 C;r-aGking under,Sustained and Cyclic Loads 
In contrast to microcracking of concrete under short-time loading, 
for which research has been considerable, studies of crack growth under 
sustained and cyclic loading have been few. Hence, the findings described 
in the following are rather general in nature. 
Shah and Chandra 13 studied crack propagation in specimens sub-
jected to slowly applied cyclic and sustained loads. The maximum loads 
varied from 60-90% of the static strength. In the cyclic tests the mini-
mum load was kept at 10% of the static strength. The authors observed two 
stages of crack growth in specimens which failed under sustained or 
cyclic loads: during stage I, crack growth is stable and proceeds at a 
slow rate; during stage II, crack growth is very rapid. Shah, ex al., 
stated that only stage I crack growth was observed in specimens which did 
not fail. In general, tests with maximum loads of 70% of the static strength 
or lower did not fail. 
The following additional observations were reported: 
(1) Micro~racking under sustained and cyclic loading con-
sisted of extensive branching of cracks into the 
mortar, as well as substantial cracking at aggregate-
paste interfaces. 
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(2) At about 90% of the total time to failure, cracking under 
both sustained and cyclic loads was about three times 
as much as that created by a short-time application of 
the same load. 
(3) For specimens which did not fail, cyclic loading \'las 
found to cause more cracking than sustained loads at 
the same maximum load. 
Ruetz 8 observed that for high sustained overloads considerable 
cracking occurs just after load application, this is followed by a period 
of very slow crack growth. Shortly before failure, the rate of crack grO\'/th 
increases sharply. 
Hansen 2 found that if sustained stresses were below a certain 
level, cracks would eventually stabilize and not lead to failure. On the 
other hand, if the:stresses were a.hove that level they would never~stabilize and 
would eventually cause failure. Under cyclic loads, he observed that once 
cracks form during the initial load cycle, these cracks never stabilize, 
but continue to grow until failure occurs. 
t·1eyers, Slate, and Winter14 associated this stress level, mentioned 
by Hansen,2 belmv which cracks stabilize under sustained loads, with the 
stress level which causes mortar cracking. r1eyers, e;t al. ,concluded that 
the sustained load strength of concrete should lie in the range of stresses 
where mortar cracking increases noticeably (70-90% f cu )' 
Raju 11 studied crack growth in cyclic. tests with maximum loads 
between 53 to 85% and minimum loads of about 4% of the static strength. He 
observed that in failed specimens, the cracks VJere oriented mainly in the 
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direction of loading. In addition, he found that at failure, the pulse velo-
city, in a direction perpendicular to the -direction of loading, decreased 
by about 30% of the value obtained prior to loading and by about 10% in the 
direction of loading. 
2.2. Criteria for Impending Failure 
It is sometimes possible to predict failure or impending failure 
of a material or a structural element on the basis of certain characteristics 
of the material such as longitudinal or lateral strains, or intensity of ' 
microcracking. At failure, these quantities may reach certain limiting 
values which may be dependent on the applied stress level or mode of loading. 
Knowledge of such failure criteria would be of practical significance 
to,e.g.,estimate the damage done to a structural element during an earth-
quakeo It may ~lso give an insight into the fracture process of a material 
or aid in the development of a general failure criterion for a material 
subjected to multiaxia1 stress conditions. Sinha, et ai. 1S and Karsan and 
Jirsa 16 suggested that, at failure under compressive stresses, the longitudinal 
strain in concrete reaches a certain limiting value which depends on the 
maximum stress acting at the moment of failure, but which is independent of 
the load history or mode of loading. In 15 and 16 it is suggested that the 
descending portion of a static stress-strain diagram gives the relation 
between maximum stress and failure strain, and can be considered a "failure 
envelope " for concrete subjected to compressive load histories. 
Rusch i s17 and Awad'sl8 data disprove the general validity of such 
a hypothesise The data given in 17 and 18 show that failure strains under 
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cyclic and sustained tests are considerably higher than the stress-strain 
envelope obtained in static tests. Awada1so shows that in fatigue tests, 
the failure strain at a given stress is a function of the stress range and 
stress rate. The largest failure strain for a given maximum stress is 
obtained under sustained loads. 
Since failure of concrete has been associated closely with growth 
of microcracks, it may be possible to use a crack parameter instead of a 
strain pa~ameter as a failure criterion of concr~te, i.e., failure can be 
associated with a given crack configuration, which will depend only on the 
maximum stress level but will be independent of the load history. The 
validity of such a criterion will be tested in Chapter 3. 
2.3. Studies of·the Mechanics of Cracking and Failure in Concrete 
203 010 Mechanics of Crack Formation 
Heterogeneity plays the central role in discussions of crack for-
mation and propagation in concrete o The presence of aggregate particles 
embedded in an usually softer mortar matrix introduces a weak link in the 
system, iDeo, the interface of the two materia1s. 10 ,19 It also accounts 
for nonuniform internal stress states when concrete is externally 
10aded2~20,21 or when the system undergoes load independent volume changes 
during setting and hydration. 22 These factors combined account for the 
considerable number of interfacial cracks observed in the investigations 
referred to in section 201. 
In addition to aggregates, voids and other flaws in the concrete 
system act both as stress raisers and stress converters, thereby serving 
12 
as potential locations for the formation of cracks at stresses well below 
the ultimate.?,23 
Hsu and Slate 19 have found the tensile strength of the aggregate-
mortar interface to be only 33 to 67% of the tensile strength of mortar. 
Taylor and Broms 10 investigated the uncorifined shear bond strength of the 
interface and found the bond strength to obey the Coulomb-Mohr failure 
theory. The values of the cohesion intercept ranged from 280 to 600 psi. 
These Values seem small when compared with the results of triaxial com-
pressive tests performed on mortar, which gave values of the cohesion inter-
cept ranging from 500 to 1400 psio 24 
A comprehensive analysis of the stresses in the concrete system 
is very complicated even when numerical techniques such as the finite· 
element method are used. This is because of the complicated geometry of 
the inclusions (aggregates), which vary for each concrete system, making 
it difficult to generalize the results obtained for anyone system. 
Hansen,2 Dantu 20 and Buyukozturk21 have tried to predict the 
stresses at the interface of aggregates when concrete is loaded. Dantu 
used strain .measurements and photoelastic coatings in concrete surfaces 
with exposed aggregates, and found that the local stresses, in particular 
at ihterfaces, deviate appreciably from the average stress values. Hansen 
used the formulas developed by Goodier25 in an analysis of a spherical 
inclusion in an infinite body. He selected values for the modulus of 
elasticity and Poisson's ratio· of·the two materials, as well as cracking 
criteria, and predicted tensile bond cracks to form at the sides of the 
interface at appl·ied stresses in the·order of 40% of the short-time strength, 
f cu.' Hansen also predicted that tensile cracks would form above and below 
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a spherical void at stresses in the order of·O.1S f Such void cracks were cu 
observed by both Hansen,~ and Johoji and Kato,23 but not at the low stress 
levels predicted by Hansen. On the other hand, the predicted stress levels 
for interface cracking agreed well with the observ~tions given in section 2.1. 
Buyukozturk 21 used a finite element model of a plate with circular inclusions 
arranged in a square patterno He established cracking criteria for the 
interface, based on the results of Hsu and Slate,19 and Taylor and Broms. IO 
His results showed that compression-shear.cracks form first at stresses of 
36% of fcu' and tensile-shear cracks follow shortly afterwards. Compression-
shear cracks are inclined, whereas tensile-shear cracks are oriented close 
to the direction of loading. These results were, again, in good agreement 
with observed.stress levels for interface cracking in concrete. 
Hsu 22 studied the nonuniform internal stress states resulting ftDm 
volume changes during shrinkage by means of an analytical model. The model 
simulated concrete, with circular aggregates arranged in a t10se p~cked 
manner. He found that foraggregate.volume concentrations similar to those 
used in regular concrete, there are tensile and shear stresses of signi-
ficant magnitude at the mortar-aggregate interface. Hsu showed experi-
mentally that these stresses are, indeed, high enough to cause cracking 
during shrinkage. 
2.3.2. Mechanics of Crack Growth and Failure 
Studies of the mechanics of crack growth and failure concentrated 
on short-time loading; for-t~me dependent load histories the nature and 
mechani cs·of crack growth have been studi edvery little. 
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In most studies concerned with crack growth and failure, structural 
models were developed to simulate the behavior of concrete under compressive 
loads. The writer has chosen to divide these studies into three groups, 
namely: lattice models, interfacial behavior models and fracture mechanfrts 
modelso 
2 0 302010 Lattice Models 
Various studies h~ve indicated that cement paste consists of un-
hydrous cement particles and cement gel, the latter being to a large extent 
composed of needle-shaped crystals which are separated by small, water-': 
filled pores. Reinius 26 used a model of concrete in which he tried to in-
corporate these observations. He substituted the concrete system by a 
face-centered cubic lattice structure with spheres of finite size at each 
jointo . The rods connecting the spheres represented the needle-shaped gel 
crystals and .the spheres represented the unhydrous cement particles. The 
rod areas .were selected so as to give an initial Poisson's ratio similar 
to that of concreteo When this system is loaded in uniaxial compression, 
some-of the rods are subjected to compressive stresses while oth~rs are 
subjected to tensile stresses. Reiniusrecognized that concrete is weaker 
in tension than in compression and assumed:that ·tension rods would fail 
when:a certain stress level was-reached. Since he used a single cube to 
study uniaxial loading!) he accounted for the progressive tensile failure 
of rods· by success i vely reduci ng the-area of the tens i 1 e rods as the load 
was increased o Since this approach led to smaller strains than.those 
observed in experiments, he assumed that the most highly stressed com-
pressive rod failed also in a progressive manner~ similar to the tension 
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rods. By ma king this adjustment, he obtained very good agreement with 
experimental data for the loading portion of the stress-strain curve. 
Roy and Sozen 27 modified Reinius l lattice system. They used 
a cubic lattice system and considered the grain size negligible in com-
parison to the distance between grains. They also introduced statistical 
strength distributions to be used.as .area reduction criteria, i.e., as a 
measure of the progressive failure .of.tension and compression rods. Their 
model gave a stress-strain curve which matched very well that of concrete, 
both for the loading and unloading portions of the curve. 
Baker28 hypothesized that due to grading of the aggregate in 
concrete, loads applied to the system are spanned by thrust rings around 
mortar. The rings represent closely.spaced coarse aggregates arranged in 
diamond patterns 3 with the mortar;restraining the lateral ~ovement of the 
ringso He explained that these rings.could also form around the smaller 
sand and cement grains, but he assumed the thrust· rings formed by coarse 
aggregates;to:be most significant. Based on this hypothesis he formulated 
a model which consisted of lattice systems at 90o·to one another.forming 
a three dimensionalstructureo The.sizes of the members were selected 
such that a Poisson's ratio similar to concrete was obtained. Baker 
constructed an experimental model .of rtl"bber' ban-ds···· and tested it in 
uniaxial compression. By considering that concrete has very limited 
tensile strength~he explained the formation of vertical cracks. He also 
studied the effect of end restraint .·of: a specimen by the bearing 
platens of a testing machine~ on the stress distribution in the specimen 
and showed its effect on the formation of inclined cracks. 
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2.3.202. Interfacial Behavior Models 
Brandtz~egls work29 dates back to 1927, yet, it is still con-
sidered one of the most significant contributions to the study of fracture 
of concrete. Brandtzaeg idealized concrete as a material composed of a 
larger number of orthotropic elements. These elements contained individual 
planes of weakness, which varied in.orientation from element to element in 
a random.manner. He assumed that all directions of weakness were equally 
represented in a unit volume of the material. These directions of weakness, 
he explained, were supposed to represent the mortar-aggregate interface. 
Sliding along a plane of weakness occurred when the shear stresses in the 
plane reached a limiting shear stress· given by a Mohr-Coulomb failure criterion. 
At low loads the system behaved as an isotropic, homogeneous material. In 
a unit volume there was one particular.plane of weakness which reached its 
limiting·shear.stress at a lower applied load than any other plane of weak-
ness~ When this load was reached the element tried to slide, but since the 
material was .assumed to remain continuous, sliding along the critical plane 
was prevented by neighboring elements. This lateral restraint, in turn~ pro-
duced compressive stresses in the critical element and tensile stresses in 
the still elastic~ neighboring elements. This event marked the beginning 
of nonlinear behavior of the system. As load was increased, more and more 
elements teached their sliding load. Eventually, the tension in the re-
mainingelastic elements reached a limiting value for the material and ten-
sile cracks formed parallel to the applied load. These cracks made the 
system discontinuous, limiting the further applicability of his analysis. 
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Brantzaeg explained that immediate-collapse did not necessarily occur at 
this point~ but that-the system-would soon become disorganized and would 
fail in the absente-of lateral restraint. Brandtzaeg called the load at 
which tensile cracks formed, the critical load of the system. 
Recently, Taylor30 extended Brantzaeg's model and applied it to 
general states of stress. In addition, he accounted for possible variations 
in the Mohr-Coulomb rule for sliding, in the various phases of the system. 
Guided by the results of experimental studies of simulated inter-
faces, Shah 31 formulated a model which incorporated some of the elements of 
Brandt~aeg's model, but which was physically closer to concrete and which 
recognized additional sources of strength beyond the point of tensile crack 
formation. The model, which he called a structural unit, was composed of 
a circular aggregate surrounded by mortar"and shaped as a two dimensional 
plate. The aggregate and mortar were-assumed to have equal modulus of 
elasticityo The circular aggregate was supposed to represent equally, all 
the possible interfaces in the concrete system. Cracking at a particular 
point of the interface occurred when-it reached a limiting shear stress, 
in much the same manner as Brandtzaeg25 had suggested (Mohr-Coulomb criterion). 
Initial behavior was-elastic, until -the ~orti6n'ofthe'intefface with lowest-
limiting shear cracked; from this-point on, the cracked interface was un-
able to carry additional load, causing the other parts of the interface and 
* mortar to carry a greater share of the total load. This inability to carry 
additional load, indirectly implied that the lateral restraint assumed to 
be present by Brandtzaeg and Taylor, was not there in reality. Interfacial 
* In the works of Brandtzaeg and Taylor sliding elements could still carry 
additional loads. 
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cracking continued as other parts of the interface reached their limiting 
shear stress, causing further deviation from the initially linear elastic 
behavior. Failure of the unit occurred when the confining mortar reached 
its compressive.strength. By assuming that the concrete system was com-
posed of a large; number of these units, with unit strengths distributed 
in a statistical manner, Shah was able to obtain a stress-strain curve 
which closely resembled that of concrete. The values of interfacial 
bond strengths used by Shah were those determlned by Taylor and Broms. 10' 
Buyukozturk21 recognized that Shah's model did not account for 
differences in the mechanical properties of the aggregate nor for the 
effect of additional units on the restraint of individual units. He 
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attempted to correct this deficiencY"by proposing a finite element model 
composed of nine structural units where the aggregate and mortar phases 
had different modulio His study included uniaxial as well as biaxial 
states of stresso -
2 0 3 0 2.3 0 Fracture Mechani cs Models 
Glucklich 32 ,33,34 ~as the:first to study the compressive failure 
* of concrete from a fracture mechanics point of view. In his first paper,32 
Glucklichassumed that crack growth in· concrete starts from voids and other 
flaws in the material. He used Griffith's brittle fracture approach to 
arrive at a proposed formula for the critical stress in compression, 
* The reader is ref~rfed to Appendix A, where a brief review of· fracture 
mechanics concepts is included o 
where, 
= 1"8E-y' 
°c ,-,-
"/ 1T W 
. C 
0c = critical stress 
f = modulus of elasticity 
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y = surface tension of material 
w = crack width 
c 
G1ucklich also explained the role of the different phases in 
(2. 1 ) 
concrete,'i .e., mortar and aggregates, in making the crack growth process 
progressive. He suggested three possible mechanisms of failure: (a) pro-
gressive cracking failure, (b) first crack fracture, and (c) shear failure. 
Of the three~ he considered progressive cracking fracture, where crack 
growth is constantly' arrested until sufficiently high stresses are reached 
to favor unrestricted crack growth, as the most characteristic for concrete. 
In his second paper, Glucklich 33 explained how microcracks form 
around main cracks in concrete and, therefore, increase the energy require-
ment for crack extension. Glucklich extended the meaning of the parameter 
wc.in equation (2~1)to mean the crack projection in the plane normal to 
loadingo This was in recognition of the presence of inclined cracks at 
aggregate-matrix interfaces. 
In his thi'rd'paper, Glucklich 34 . did a complete turnabout and 
recognized the importance of shear stresses in the crack growth in compres-
sion o He reported a formula, suggested to him by Irwin in a private com-
munication as defining th~:critical strain energy release rate in com-
pression. This formula ·~es·ulted from a consideration of inclined cracks 
i'n' a c'ompres s i -On fi eld.< 
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Lott and Kesler35 used a model of an infinite body of cement paste 
with a crack and an embedded disk-representing an aggregate to describe the 
effect of· aggregates-on the stress intensity factors at the crack tip, and 
on the various stages of-crack growtn.- Lott, etal., concluded that, in 
general, the true critical stress intensity factor values could be separated 
into-a value obtained if the material is considered homogeneous, and a value 
taking into account-the-arresting action of an aggregate with different 
* mechanical properties. ·They explained that· the KIc value obtained from 
tests on concrete-includes the arresting action of the aggregate. They con-
ducted experiments which showed that,their argument was valid. 
In addition-to Lott and.Kesler,35 a number of other investigators-
have determined values-for KIc ' One such investigation was conducted by 
Naus and Lott,36 where a number of:concrete parameters were studied. It 
was concluded that aggregate spacing and grading were the most si~nificant 
parameters influencing KIco 
Zaitsev 37 -has recently proposed a failure model which considers 
voids as the significant factors in-the mechanics of crack growth and 
failure-ofconcrete·and-cement paste~ ·He studied crack growth for a single 
void with two radial -crack extensions-in the loading direction, using analy-
tical formulas for such a configuration~ In a similar manner he studied the 
case of two-collinear-void cracks, and finally, the case of multiple,ran-
domly spaced, collinear void cracks. He used his model to explain the 
observed variations in the Poisson1s ratio of concrete under load. 
* The significance of KIc is explained in Appendix A. 
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2.4. Studies of the Mechanics of Crack Growth and Failure Applied 
to Other Materials 
The behavior under load and at failure of a number of structural 
materials is similar to that of concrete. Therefore, the results of in-
vestigations concerning the behavioral and strength characteristics of 
suchcmaterials will now be discussed-as far as they are relevant to the 
subsequent studi eson the behavi ox' of concrete. 
McClintock and Walsh 38 studied.the effect of transmission of 
normal and frictional stresses across cracks on the strength of rock. It 
was assumed that initially. open. cracks in a compression field would close 
when a given compressive stress, O"cl,was reached, thereafter, normal as 
well as shear stresses would be transmitted across the crack. McClintock, 
e;t al.a '. used InglisDs formula 39 to estimate the stresses at the:,tip of an 
'i-nciinedelliptical flaw in an infinite body with principal boundary 
stresses and proceeded to determine the location and magnitude of "the 
maximum.tensile stress at the crack boundary for a given crack orientation. 
They established the maximum local tensile stress at the crack boundary 
at:impending failure, obtained for.the case of simple tension by 
Griffith,40 as their failure criterion, independent of the loading con-
dition .. They also .established the inclination of the original crack for 
which the tensile limiting stress would be reached at the lowest external 
loado By assuming a constant coefficient of friction of 1.0 across the 
crack surface and low values of 0cl(load at which cracks start to close) 
they obtained very.good agreement with the strength results of triaxial 
compression tests on rock. 
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Bombolakis 41 ,42 also studied the effect of inclined cracks in 
rock,but in contrast to McClintock and Walsh, he assumed no load transmis-
sion across cracks to occur. He also used Inglis' solution 39 to determine 
the critical crack inclination, the maximum stress concentration at the 
elliptic flaw surface, and its location as a function of the inclination 
of the long axis of the ellipse, and the dimensions of the ellipse. The 
loeation and inclination of the point of maximum stress concentratio~ gave 
an indication of the point of initiation as well as the likely direction 
of initial branch fracturing from the~original fJaw. He found these para-
meters not to vary greatly with the.dimensions of the ellipse. He per-
formed photoelastic stress analyses of plates with inclined elliptic flaws 
in an effort to corroborate the results·of his elasticity analysis and to 
study the branch fracturing process.· Branch fractures were introduced by 
cutting a piece of plastic normal.to the direction of maximum tension once 
this stress reached a limiting value. Bombolakis observed that for single 
cracks~ tensile branch fractures form at an angle to the original crack 
direction.and bend.progressively until .reaching the direction of applied 
~oading; at this stage, further crack growth ceases. The same behavior 
was observed in tests of multicracks arranged in step-like patterns. This 
led Bombalakis to conclude that macroscopic inclined shear failure can 
only occur if a significant amount of overlap is present between cracks, 
and only when the crack.separation is less than approximately two crack 
lengths. He also observed that crack.interaction affected the stress con-
centrationso Bombolakis concluded that.Griffith's theory should not be 
used to calculate the fracture stress where brittle shear fracture occurs. 
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WU 43 performed a theoretical and experimental investigation to 
establish a failure criterion for~orthotropic plates with cracks and sub-
jected to compressiono. For the experimental work, orthotropy was accom-
plished by reinforcing the plates with-unidirectional fiberglass filaments. 
Wu~usedthree mathematical models_-to study the influence of frictional 
forces-created between-crack surfaces in a compressive field on the crack 
tip stresses; the models differed in the extent of relative motion occurring 
between crack surfacesb In- the experiments which followed, he observed 
four distinct modes of failure which depended-·on the ratio of the normal 
stress-to the~shear-stress:in the plane normal to the cracks. For afT ~ 0.4, 
crack growth was slow:at·first and·increased suddenly when the velocity 
of crack extension reached a given val~e. He concluded that fracture 
mechanics was valid in this afT re~ion~ For 0.4 ~ a/~ ~ 0.5, cracks grew at a 
constant· speed until tr~versing the plate~ In the case of afT ~ 0.5, 
failure occurred either by. internal buckling related to the fiber reinforce-
ment in the matrix, or by slight crack propagation accompanied by a rota-
tion of~45° in crack direction and a~sudden stop in growth. The model which 
allowed-for~relative-movement overpart~of the crack surface, gave good agree-
ment with the-experimental -results for afT ~ 0.4, i.e., the region where 
fracture mechanics applied. 
2050 Critical Evaluation of Failure Theories and Their Applicability 
to the Failure of Concrete 
205 010 Lattice Models 
The 1 at tic e mo del s des c rib e din sec t ion 2. 3 . 2. 1 :, r e cog n i z e t hat 
the compressive strength of concrete is derived both from the tensile and 
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compressive strengths of its phases and from the arrangement of aggregates 
and other particles within the system. Theref6re, it is expected that by 
suitable selection of the properties-of the members in the lattice, a reason-
abl~ agreement should be obtained between the load-deformation behavior of 
these models and that of concrete. Their physical resemblance with the 
concrete system is~ nevertheless, very approximate. Hence,these models 
do-not furnish information concerning the nature of crack formation and 
crack growth, which has been shown·to be so closely related to the failure 
process of concrete~ Another weakness of the lattice models is that they 
predict little if any strength. increase under multiaxial stress states con-
trary to experimental observations. 
2.5.2. Interfacial Behavior Models 
These models recognize the importance of the interface in the 
process of crack formation and therefore, are ve~ helpful in understanding 
the progressive formation of cracks at aggregate matrix interfaces. Un-
fo~tunately, they do not recognize that once cracks form, subsequent crack 
growth· is governed by the stress fields at the crack tips and that, there-
fore,-special attention must be given to individual crack growth in the 
system in order to get a clearer picture of failure. 
In addition to the general comments made above, some specific 
criticisms of the individual models are pertinent: Brandtzaeg's model ~29 
like the lattice models, is conceptually similar to concrete but not 
physically. For example, in order to perform his analysis, Brandtzaeg was 
forced to assume that his system was composed of grain-like elements, which 
~l·id-intragranularly; which does not seem likely in concrete. He selected 
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his strength parameters such that close agreement with actual load defor-
mation behavior was. obtained. In. addition, Brandtzaeg1s analysis could not 
account for the additional strength inherent in concrete after the formation 
of t-ensi le cracks 0 
Shah's mode1 31 is more physically alike to concrete and, contrary 
to Brandtzaeg:is model, it recogn.izes additional load capacity in the system 
beyond tensile crack formation. Yet,·it fails to consider the effect of 
possible aggregate~matrix moduli differences on the interface stresses, and 
the restraining effect of additional units on the strength of the total 
systema These deficiencies can be overcome as shown by Buyukozturk~21 How-
ever, most important, the observation of the actual behavior of contrete 
under load does not indicate progressive failure of individual elements with 
a statistical strength distribution·as assumed in Shah1s model. This will 
be - discussed in further detai 1 in subsequent chapters. 
2.,50 3. Fracture Mechanics Models 
These models attempt to explain the nature of crack formation and, 
more importantly, the nature of crack growth and final failure. Therefore, 
if crack propagation is, indeed, the source of failure, they should be able 
to provide considerable insight into the failure process in co~crete. In 
the subsequent discussion, studies in which fracture mechanics was applied 
to concrete or to other materials will be considered simultaneously since 
they all approach the problem from similar points of view. 
Glucklichis work 32 ,33,34 was concerned more with establishing 
general aspects of fracture mechanics applied to compression failure of 
concrete rather than dealing with the specific nature of crack propagation. 
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This is·understandable, as he was setting the foundations for more compre-
hensive work. His.'discussion on the effect of heterogeneity and the micro-
cracking regions around main cracks on the crack growth process is of con-
siderable·importance. There is an apparent contradiction in Glucklich's33 
second paper, since he. claims that in compression the strain energy release 
rate is independent of the crack length, yet from his definition of "W II C 
i.e., the crack projection in the plane normal to loading, and the fact 
that "W~II is present in the energy.·release rate equation this statement 
wo u 1 d, i n g e n era 1, be i n val i d . G 1 u c k 1 i chi S f 0 rmu 1 as, use d to de fin e the 
onset of failure, are applicable only to straight cracks, yet Bombolakis' 
res~lts, as well ·as those of the writer~ which will be discussed' later, 
indicate that significant curving of branch cracking may occur prior to 
failureo 
Lott and Kesleros 35 contributions lie in their treatment of the 
effect of aggregates on crack growtho 
Zaitsev's.·paper37 studies the failure process of cement paste and 
concrete· considering that voids are-the main source of cracks. The writer 
considers this mechanism to be very.-significant only in cases where the 
interface ~roblem is not present~ i~e., for cement paste or for some polymer 
concretesj where the interface strength is consriderable. 
The work of McClintock and·Walsh 38 is of importance because they 
realized that under· compression it is quite possible that forces will be 
transmitted across cracks. The weakness of the investigation lies in their 
particular choice of a failure criterion. They assume that compressive 
failure will occur when the maximum tensile stress concentration of the 
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e11iptical flaw reaches the limiting tensile stress value, as obtained from· 
simple uniaxial ·tension tests~ without considering the significant amount 
of stable tensile branch fracturing which precedes failure, and the stress 
states at the-tips·of such branch. cracks. 
Bombolakis,41,42 while studying crack growth, realized that the 
formation of' tensile branch fractures does not necessarily result in an 
immediate collapse of the system~ .·Bombolakis ' observation that crack inter-
action did not cause a significant change in the crack growth process led _ 
to his conclusion that macroscopic shear fracture cannot result from single 
cracks~ but from crack interactjDn~ this interaction requiring significant 
overlap betweencrackso' Yet this conclusion might be the result of lack of 
simularity between the idealized elliptical flaws he studied, and the shape" 
of actual cracks. His conclusion as to the Griffith theory not being able 
to-predict the onset of failure needs to be studied further, e.g., by 
applying·finite ·element procedures which have been used successfully to 
obtain the crack tip stress fields in cracks with complicated geometry.44 
Another· shortcoming of Bombolakis work was that he did not consider load 
transmission across·cracks. 
Wu1s work 43 recognizes.·that:althDugh·frictional stresses are likely· 
to be transmitted across cracks,·they·might·vary across the crack surface. 
This treatment· necessarily leads·to·a·more involved model, which is diffi-
cult_to· apply if the crack geometry is not simple. Another point of interest 
in Wu1s work is the propagation. of straight shear cracks which obey the laws 
of fracture mechann:cs at fa.ilure, for initial !·crack orientation close to the 
loading direction. This observation must not be taken to imply that the 
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same phenomenon will. happen in. concrete~ since in Wu1s tests the ~reformed 
cracks-were·parallel. to the weak;direction of the plate (parallel to the 
reinforcement). In this case~ it· is-likely that the behavior observed by 
Wu, results only from the orthptropy of the system. 
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3. EXPERIMENTA~ STUDY OF THE PROCESS OF CRACK GROWTH 
3.1. General 
The purpose of this study was twofold: 
(1), To obtain information·on the nature of progressive 
crack growth and final fai1ure·of plain concrete 
specimens subjected to different compressive load 
histories~ 
(2)· To determine if failure of concrete at a given 
level of compressive stress·occurs·when a critical 
~onfiguration of microcracks is reached which is 
independent-of the manner of'loading, i.e., the 
load-history which causes these cracks to form. 
The second·objective·pertains·to·theestablishment of a unique limiting 
failure criterion in terms of crack parameters. 
3.2. Test Specimens 
For the main'part of the study, a total of 60 plain concrete prisms 
were cast and tested in 5 series of 12 specimens each. Each series con-
sisted of four or five prisms for short~time tests~ three prisms for cyclic 
te~ts,' and three prisms. for sustained load tests. The remaining prisms were 
used as substitutes for uns~ccessful tests .. Jhe df~~~sions of the test 
specimens as·cast-were·4 in~ by·4 in. by 12 in. In addition to the as-cast 
specimens, specimens. were also .. tested in which surface layers 1/4 in. thick 
were removed·on·two sides by saw.ing~ The purpose of sawing the surface was 
to expose the coarse aggregates. The dimensions of the sawed specimens were 
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3-1/2 in. by 4 in. -by 12 in. The details of the five test sBries are sum-
marized in Table 30li 
An additional as-cast specimen was used for the purpose of com-
paring the technique for crack d~tection used in this investigation with 
the technique described in Ref. 3. 
3.3. Concrete 
3.3.10 Cement 
Type I portland cement was used for all test series. 
3.3.2. Aggregates 
Wabash River. sand was used·as·fine aggregate. Crushed limestone 
was used as coarse aggregate. The:abserption capacity of the sand was found 
to be 106 percent, that of limestene-was·2.66 percent. The specific gravi-
ties were 20 60 and 2.66, respectively. The maximum aggregate size was 1 in. 
3.3.3. Concrete Mixes-
The mix proportions for Series 03, 04, O~, 06 were as follows: 
1 :3.90:4.53 (cement:sand:gravel). For Series 07 the mix proportions were 
1 :4~04:5024. The average water-cement ratio for all five mixes was approxi-
mately-0078. The changes in mix propertions were necessary in order to keep 
the workability and concrete -strength as uniform as possible for all test 
series. 
The average 28-day strength of the concrete was found to be approxi-
mately 3300 psi, according to standard tests on 6 in. by 12 in. cylinders. 
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More detailed information concerning material properties has been 
reported elsewhere. 18 
3.3.4. Casting, Curing and Specimen Preparation 
The concrete was mixed in a horizontal cyclo-mixer with a 4-1/2 
cu. ft. capaci ty. Each batch cons,; sted of twel ve 4 in. by 4 in. by 12 in. 
prisms and twelve 6 in. bY']2 in. eontrol cylinders. Steel forms were used 
to cast the prisms; the surfaces,'of the forms were oiled to facilitate 
removal of theprisms~· ·The prisms were·cast horizontally and compatt~d'~ith 
an internal vibrator. The specimens'were covered with wet burlap and allowed 
to rem a in in the forms for 24 hours ~ . They were then removed from the forms 
and transferred to a fog room, for'moist curing at 75°F for a period of 
6 days. After moist curing, the. specimens were stored in a room at 7S QF 
and 50 percent relative humidity, until tests yJere performed at an age of 
28 days. 
For the series in which. sawed pril'sms were to be studied, it was 
ne8essary to remove the prisms from the storage room a few days prior to 
testing~ A layer approximately· 1/4. in.·thick was,·sawed from two opposite 
surfaces of the prisms by means, of:a,·dtamondsaw~ The speed of sawing 
was kept at· 2000 s.f.-ma to minimize,the-possibilitY'of introducing cracks 
as -a-result of-sawing. ·After sawing, the surfaces of the specimens were 
cleaned carefully with water to remove the lubricating fluid, which could 
otherwise affect the observation of, cracks. The specimens were then re-. 
turned to the constant environment room. 
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Prior to testing, small metal pieces were cemented onto the two 
vertical surfaces that were not·to·be·phOtographed; the metal pieces served 
as base for the points of the strain gages and are shown in Fig. 3.1. The 
ends of all prisms were carefully smoothed out by rubbing them against car-
borundum abrasive over a flat steel surface. 
3.4. Test Procedures 
3.4010 Equipment 
3.4. 1 . 1 . Loadi ng and S.tra in. Meas uri ng Equ i pment 
A hydraulic testing machine, with a capacity of 300 kips, was used 
to load the concrete.pr.isms. This machine 1's equipped with an automatic 
load~strain programmer. 
A set of clip gages was. used.·to·measure longitudinal and l~teral 
strains. Figure 3.2 shows the pair'of gages'mounted on two opposite verti-' 
cal sides of the specimen. A gage'consisted of two independent units, one 
measured the longitudinal .strain, the other measured the lateral strain. 
Each unit consisted of a rigid point and a flexible point. These poin~s 
rested on the small aluminum plates., 'which had been previously glued to the 
specimen surface. As the member deformed under load, the flexible points 
of-tbe·clip gages followed the deformation of the concrete, and deformed as 
cantilevers. A record of. the deformation was obtained by SR-4gages 
attached to the surface of the flexible points. The active gage length of 
the lOhgitudinal strain gage was 8 in., that of the lateral strain gage 
was 3 ino 
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The two longitudinal gages ·were connected in series and their in-
put was fed to the drum plotter of the hydra~lic testing machine to give a 
continuous record of the load versus longitudinal deformation. A similar 
arrangement was made for the lateral deformation, and a record of the load 
versus·lateral -deformation was obtain~d·from an x-y plotter. Each circuit 
was balanced using an internal 'calibrator, prior to the application of load. 
For additional information concerning the strain gages and their installa-
tion, the reader is referred to Awad. 18 
3.4.1.2. Eq~ipment for Crack Observation 
Crack growth. was investigated-by observing surface cracks on the 
vertical sides of the specimens, using a fluorescent ink penetrant and 
photographic equipment~ 
The technique used to detect cracks is~own as the filtered parti-
cle'method o The fluorescent ink consists of a dispersion of fine fluorescent 
particles (particle size varied between 2.5 and 50 ~ in size) in a fluid. 
The molecules·of the fluid, being· smaller than a particular crack width, 
are readily attracted to the inte~ior·of a crack, ~as a result of the in-
creased.-absorptt6narea. offered by. a crack. The fluorescent particles are, 
in ·genera1, ·larger·i~·size than·the crack'width and~ therefore, are filtered 
out at-the-crack surface. forming-a:line delineation of the crack which is 
readily seen under ultraviolet or. black-light. The thickness of the line 
formed·by the particl~sis larger-than the real crack, hence, cannot be 
used to deter~ine the·true crack width. The·surface length delineated is, 
nevertheless, an accurate indication of the true in-plane crack length. 
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The technique was·first aPP.lied .. to-concrete by Forrester,S in an investigation 
described ear1ier~ The technique has been modified here to give information 
on progressive crack growth. The, fluorescent penetrant used in this work 
was Partek ink (Magnaflux Corporation, Chicago). Surface application of the 
ink during testing was done with.-atomizers. Three black lights were used 
on·each of the studied surfaces; they helped to provide a clear outline of 
the cracks. 
Two 135 mm, 4 in. by 5 in. cameras were arranged on opposite sides 
of·the loading frame, facing the two·vertica1'surfaces to be studied, as 
shown in Fig. 3.3 .. ' Each camera'was:equipped with an orange filter to inten--
s i fy· the -ye 11 ow color of the fl uores cent ink in the photographs. The 1 i ghts 
in ·the testing room· were turned. off during picture taking, in order to get 
additional . contrast between the, cracks exposed by the fluorescent ink and 
the background. A special film was necessary to take pictures at this low 
1i 9 h t 1 eve 1. . 
Additional equipment ·was. needed for the test in which the techni-, 
que used in this investigation was compared to the one·used at Cornell ,3 
To perfo:rm- the·Cornell technique, .. it. was necessary to-use red ink, No. 180 
silicon carbide,-and a high powe~·microscope. To perform the technique 
of this investigation, the equipment was essentially the same as for the 
regular tests. 
3.4.2. Method of Testing 
After arranging. the. cameras· into position, the clip gages were 
mounted to the specimen, and the. strain. measuring circuits were carefully 
calibrated. The cameras were then focused on the center one-third of the 
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surface-of the specimen, in an effort to concentrate the study of crack 
growth on the area least affected by the loading platens. The lens 
opening of the cameras was f8; the exposure time was five seconds. Fluore-
scent lamps were then-positioned and set into operation. A view of the 
test setup is-shown in Fig. 3.3. 
Prior to performing the first test for which photographs of 
cracks were to be taken, it was necessary to estimate the compressive 
strength, fcup,-and the load-deformation behavior of the test prisms. 
For this, two companion specimens- were loaded to failure. In these tests 
the strains at maximum load, as well -as-at other predetermined levels of 
loading,were measured and used to load subsequent prisms to the required 
stress-levelo The use 6f strains rather than stresses as measures of a 
given-pertent~ge·of-the ultimate. load-has been found by AwadIa to reduce the 
scatter of the test results- considerably. 
Once the necessary information was obtained, fluorescent link was 
applied to the surfaces of the first-specimen to be studied and allowed to 
* set for approximately 30 seconds. The first set of photographs was taken-
prior to load application.' Then the specimens were loaded monotonically at 
a strain rate~of 10-5 in./in./sec~ 
During short-time tests, an effort was made to take photographs 
at stress levels of 0.85 f cup ' 0.95 f cup ' and fcup for the loading portion 
of the stress-strain curve, and at 0.95 f cup ' and 0.85 fcup for the descending 
part of the curve. To take a picture at a predetermined level, the strain 
* A setcoY1sisted of taking two photographs at a given load level, one 
on each of the studied surfaces. 
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was held at a particular value while the ink was applied again and allowed 
to set for 30 seconds. The photographs were then taken and loading was 
continued, 
The maximum ~tress levels for cyclic and sustained load tests were 
establ i shed from the resul ts. of pre1 im.inary and regu1 a r short-time tests. 
The minimum stress. level for cyclic tests was kept close to zero (approxi-
ma tel y 1 50 psi);. c y c 1 i n g too k. p 1 ace a t a s t res s rat e 0 f 6000 psi / min. 
The fi rst set of photographs was. taken at zero·1 oad. The second set was 
taken when the specimen first. reached the predetermined maximum stress 
level. ·The procedure for taking. photographs was·di·fferent from that used 
in·short-time tests, in that. no: attempt· was made·to·maintain a constant 
strain· while' taking the photographs~. Otherwise~·the procedure was the same., 
F~r cyclic tests~ the. photographs,were always taken-at stress levels close 
.-
to·the maximum in·an·effort·to:minimize the possibility of cracks closi·ng 
up·during unloading. The remaining sets of photographs were taken at 
va ri ous . stages in the load hi story," wi th the 1 as t one bi~i ng taken as close 
as possible to failure. The onset of failure was satisfactorily predicted 
from. graphs of strain versus time. in sustained load tests, or maximum 
strain- versus cycles in cyclic. tests, such as the ones shown in Fig. 3.4. 
The fi gure. shows that short.ly after reachi ng the maximum load, the rela-
tion between strain and time (or. cyc.les) becomes linear. Shortly before 
failure there is considerable deviation from linearity, which can be taken 
as a good indication Of impending. failure. 
A 1 though each test: seri es was to cons i st of 'ni ne photographed 
specimens: ·three short~time, three' cyclic and three sustained load tests, 
a number of tests·proved unsatisfactory, therefore, requiring an additional 
test series, 07. 
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3.4.3. Crack Growth Determination 
After considerable preliminary work it was found that the most 
expedient technique to study crack growth was to trace the cracks directly 
from the picture negatives onto transparent plastic (mat acetate). The 
negatives were set on a light table and the plastic placed right over it. 
Cracks, which appeared as black lines-in the negative, were then easily 
traced onto the p_lastic. A magn,ifying lens (8X) was used to h~lp identify 
the cracks. It was easy with this t~chnique to determine if cracks which 
had been observed at earlier stages-had been inadvertently missed in later 
tracingso This was accomplished by_setting the particular tracing under 
question over the-previous one and identifying-the locations of the cracks 
SUf3pos edly mi s s ed~ - . The trac i ng _ was .. aga in placed over the corres pondi ng 
negative and then it was checked if cracks indeed had been accidentally 
missedo After the tracings_ of a given test-were completed, the total crack 
length·in each,tracing-was.determined.'l:.lsing·a map measurer. A mesh of 
perpendicular and equally spaced straight lines was then sketched over each 
tracingo Average values of the, length of a crack, crack spacing, and crack 
orientation (deviation from. direction of applied load) were then obtained 
for each tracing by considering only those cracks which intercepted the 
mesh .. For each loading stage, the values of these parameters for both sides 
of the specimen were combined and. averaged, in an effort to arrive at 
values more representative of the overall condition of the specimen. 
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3.4.4. Comparison of Crack Determination Techniques 
It was thought desirable to determine the effectiveness of the 
flourescent ink technique by comparing it to an established procedure, 
like the one used by Cornell investigators. 3 For this purpose a prism 
(4 in ... by 4 ina by 12 in.) was loaded monotonically to the ultimate 
strength and then unloaded. Two 1/4 in. cross sectional slices were sawed 
from the center portion of the prism using the same sawing technique 
described in section 303.40 
For each slice~ one side was sprayed with flourescent ink and 
later photographed~ in much the same~~anner as described for the regular 
tes ts 0 traci ngs were thenobta.i ned.' from the two nega t i ves and the total 
crack length and average crack. spacing in eath tracing were determined. 
In order to apply the. Cornell procedure 3 it was necessary to 
remove the fl oures cent. in kfromthe slices of the surfaces . This was 
accomplished by thoroughly washing the slices in water and then applying 
a mil~ jet of air to remove the remaining ink and water. The next step 
was to soak the slice surfaces with.red ink and brush it evenly over the 
surfaceo The ink was. allowed to dry almost completely. Then the surfaces 
were lapped lightly with No. 180 sil.icon carbide to/remove the excess ink 
from the surfacesa The inked surfaces were subsequently studied under a 
microscope at 40X. Cracks showed clearly as red lines. The cracks were 
traced directly on the surface and. later retraced onto plastic acetate. 
It was then easy to determine the total crack length and average crack 
spacing in the same manner as had been done for the flourescent ink 
techniqueo 
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3.5 0 Resuits and Discussion 
30 501" Qualitative Study of Crack Growth in Specimens with Surfaces 
As Cast 
Cracking prior to loading (load independent cracks) which is 
probably caused by shrinkage of the cement paste,22 was found to be more 
extensive for specimens with. surfaces as cast than for specimens with sawed 
surfaceso Since shrinkage of concrete is more significant at the surface 
of a specimens the associated cracking is likely to be greater there. 
For specimens with sawed surfaces~thesawing took place only a few days 
prior to testing, th,us al it is likely that· the observed differences in 
cracking are a consequence of removing the zone likely to be the most 
cracked. Load independent cracks. were. almost always associated with 
surface.voids o .They extended. radially.outward from the boundaries of 
a void or were located in the interior of the voids. There was no pre-
ferred orientation of these cracks, as they varied randomly in orienta-
tion. 
305.'020 Load Dependent Cracking 
The nature of crack growth under short-time, cyclic or sustained 
load tests was very similar. Differences were more of a quantitative 
nature$ and this topic will be discussed in section 3.5.2. Therefore, the 
observations made in the following may be considered app~icable to the 
various loading historieso 
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In the specimens with surfaces as cast, surface crack growth under 
load continued to be related to voids, both with regard to new cracks or to 
the extension of existing crackso Crack orientation of new cracks, as well 
as the extension of existing cracks was close to the loading direction. 
As the time under load increased~ the system of cracks became more and more 
extensive. Cracks were of varying· lengths and they were usually closely 
spaced. Collinear cracks, i.e. ~ cracks which were located along a common 
straight line, frequently joined to form one large crack. Cracks which were 
offset with respect. to. each other generally did not join~. Wide cracks, 
which were too wide to be delineated by the flourescent ink (as the floure-
scent particles did not stay in the surface1 but which were easily iden-
tifiable on the negatives as thin white lines, were invariably observed at 
failure o These wide cracks, which zigzagged through the negative, varied 
in orientation from one .test to another, but their average orientation 
usually did not deviate from the direction of the applied load by more than 
30°9 in some instances large cracks at failure appeared to be almost verti-
cal. In several instances~ the wide cracks must have formed suddenly 
since they could not be related to the growth or the linking of previous 
cracks. In later discussion these wide cracks will be associated with 
ultimate failureo Figure 30 5 shows various stages in the crack growth 
process of a specimen subjected to a sustained stress of 0.95 fcup 
3050 20 Qualitative Study of Crack Growth in Specimens with 
Sawed Surfaces 
It has been noted earlier (section 2.2.1) that coarse aggregates 
are an important factor in the process of crack formation and growth under 
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compressive loadingo A study of the surface of prisms with exposed coarse 
aggregates offers an excellent opportunity of investigating the effect of 
aggregate on crack growth at various stages of loading. 
3.5.2,1. Load Independent Cracking 
Interface cracks were the most common type of cracking, although 
there was a significant number of cracks through aggregates. Some of the 
aggregate cracks extended along the bedding planes of the limestone. Void 
cracking was not common and when. it occurred, it was usually restricted to 
the interior of voids o Mortar cracks were observed in only very few in-
stancesG Just as for as~cast specimens, the cracks had random orientation. 
It ~as. later observed that a great portion of these initial cracks, in 
particular those which were almost normal to loading, hardly grew under load. 
30 5.2020 Crackin~ under Short-Time Loads 
At loads corresponding to 0.85 f cup ' cracking differed little '. 
from that at zero load. It must, therefore, be concluded that ~t earlier 
stages of loading the crack growth was small. Crack increase was mainly due 
to the formation of new inclined interface cracks, although some of the 
initial interface cracks were found ·to increase in length. This increase 
almost always developed along interfaces, and did not penetrate into the 
mortaro At 00 95 fc~p the crack patterns were quite different. There was 
a considerable increase in both the number and the length of cracks~" Crack 
growth of previous interface cracks was no longer limited to the interface, 
i .e.~ many interface cracks extended into the mortar. Growth into mortar 
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occurred in two ways, either the, crack bent sharply towards the loading 
direction or:it continued at roughly the angle it had when leaving the 
interfaceo Also, a few additional aggregate cracks were observed. 
Crack increase was more rapid in the unloading stages (descending 
portion of stress-strain diagram) of the short-time tests. The average 
orientation of these cracks which had increased progressively seemed to 
be closer to the loading direction than at previous stages. It was inter-
esting to note that occasionally an interface crack would continue to grow 
along the interface extending in a direction normal to the applied load. 
This is a strong indication of the importance of both the local crack tip 
stresses and the inherent weakness of the interface, on the manner in which 
a crack grows. For most cracks, crack extension into mortar was usually 
short lived l as the cracks soon extended into neighboring interfaces, cracked 
or intacts ' This phenomenon was due in part to the closeness of coarse aggre-
gates in ,the concrete system i but it must also be realized that cracks will 
always try to grow into t'eg10ns such as ,interfaces, where the energy re-
quired for crack extension is small. 
Wide cracks, similar to the ones observed in specimens with as-cast 
surfaces~ were noticed at loads below 90 percent of the ultimate, during 
unloading. ,The paths of these wide cracks usually incl~ded a number of 
cracks which had been observed in previous stages, indicating that their 
formation was in part due to the linking of existing cracks. A significant 
portion of the total length of such cracks was interfacial. Occasionally 
these cracks were observed to break through aggregates. This may be an 
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indication of unstable crack growth>1 .since a crack which grows in a stable 
fashion usually circumvents the aggregates, as the energy requirement for 
crackextensi on into aggregates is .usually larger than throLigh the interfa,c:;e 
or mortar, Figure 306 shows a sequence of photographs for a short-time test. 
30502 0 3. Cracking under Cyclic Loads 
The crack increase resulting from the initial load application in 
cyclic tests with a maximum stress of 0085 fcup was found to be small (see 
section 3~502o2o)o For cycle ratios, N, betwe'en 0020-0.40 the increase in 
crack growth relative to the first cycle was considerable (cycle ratio is 
defined as the number of cycles at a given stage to the number of cycles to 
fai 1 ure) 6 Crack growth occurred mostly in the form of new cracks, a1 though 
some of the previous cracks were found to increase in lengtho Interface 
cracks were, in general, inclined to the loading direction. For most of them, 
the difference in inclination with respect to the direction of loading was 
less than 45 ':'0 For cycle ratios higher than 0.80, cracking was widespread. 
Cracks which were initially interfacial were found to extend into the mortar. 
Asin the short-time tests i cracks appeared to prefer extension along neigh-. 
boring interfaces rather than through mortar. Isolated mortar and aggre-
gate cracks were also observed. Wide cracks appeared at failure. They 
exhibited the same characteristics as the ones observed in short-time tests; 
namely, they seemed to link existing cracks, they preferred to grow along 
interfaces and they occasionally broke through aggregates 0 Figure 3.7 
illustrates a series of photographs for an 0.85-0 fcup cyclic test. 
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For cyclic tests at a maximum stress of 0.95 f cup ' the initial 
load application resulted in a significant development of cracking. 
Additional interface cracks were observed as a result of subsequent cycling. 
At cycle ratios greater than 0.85, the number of new cracks was large. 
Previous cracks were found to increase considerably in length; their average 
orientation becoming closer to that of loading. Many cracks were found to 
extend into neighboring interfaces, traveling only short distances through 
mortar. Cracking at failure was not as extensive as for cyclic tests at a 
maximum stress level of 0.85 f Wide cracks were usually observed at cup 
this final stage. Contrary to other tests, isolated aggregate cracks 
caused by loading were uncommon for these cyclic tests at a maximum stress 
level of 00 95fcupo An inclined crack which was initially interfacial, was 
later observed to grow into the mortar by bending sharply towards the 
applied load. At failure, there was a second crack extension from the 
same crack into the mortar, this time roughly tangent to the interface, and 
it became part of an inclined wide cracka 
3.5.2.4, Cracking under Sustained Loads 
It was said earlier that little increase in cracking resulted 
from loading to a stress level of 0.85 fcup compared to cracking at zero 
load. Nevertheless, sustaining the load at this level caused a noticeable 
increase in total cracking, shortly after reaching the 85% level. As in 
short time and cyclic tests, this crack increase was mostly in the form of 
new interface cracks and by crack extension of existing interface cracks. 
Linking of neighboring interface cracks was observed occasionally. 
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Isolated aggregate cracks were observed. Sometimes an interface crack 
would extend into interface regions normal to the applied load, as had been 
observed in short-time tests" At later stages of sustained loading, i.e., 
time ratios between 0060 and 0080, an additional increase in total cracking 
beyond that at earlier stages was evident. The time ratio, T, is defined 
as the time under load up to a given stage, to the total time to failure in 
a sustained load teste Once again the increase in total cracking at 
failure was markedo Wide cracks were invariably present at failure. The 
nature of these wide cracks was essentially the same as for other loading 
histories. Figure 308 shows a sequence of photographs for a sustained test 
at a stress level of 0085 fcup' 
The nature of crack growth under sustained load and at failure 
for sustained tests at 0.95 fcup was basically the same as for cyclic load 
tests at 0095 fcupo The two tests differed only in total crack length at 
the different stages of loading; the cracking being more extensive for the 
sustained load tests. 
3.5.3. Quantitative Study of Crack Growth 
The results of the quantitative analysis of the crack growth 
process under various load histories are presented in this section. For 
the various load histories, crack parameters at failure are compared, and 
variations in crack parameters at various stages of loading are presented. 
Evidence of a direct relationship between longitudinal strain and the 
extent of cracking is demonstratedo In addition, some relevant strength 
data are included. 
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305.301. Strength Data 
Tables 3.2 and 3.3 provide a summary of significant strength data 
of the five test seriesc It is observed that the average compressive 
strength of the prisms, fcup ' was 3730 psi for sawed specimens and 3514 psi 
for specimens tested as cast. The corresponding average strains at 
maximum stress were 0000176 and 0000201. 
Average time to failure, t u' and average cycles to failure, nu' 
are logarithmic averages. For cyclic tests between 0.95 f and zero, the 
cup 
number of cycles to failure, nu = 14, for sawed prisms is close to the 
value of nu = 18 obtained for prisms which were tested as cast. Furthermore, 
the two results are in good agreement with Awad1s 'value of nu = 130 18 The 
average values of nu = 215 and 217 for sawed and as-cast specimens, respec-
tively, are very close for repeated load tests varying between 0.85 fcup 
and zero. Yet, they are considerably smaller than Awad1s average of 473 
cycles. 18 The variation of individual values is large and ranged from 50 
to 810 cycles, for tests on sawed prisms. 
For sustai,ned tests at 0.95 fcup ' an average time to failure of 
9:28 mino was obtained for prisms with sawed surfaces. This value is smaller 
than the 19:47 min. obtained for as-cast prisms, but agrees well with Awad1s 
time of 7:30 min. 18 The failure times of 2:15:00 hrs. (sawed prisms) and 
3:28:00 hrse (as-cast prisms) for a sustained stress of 0.85 fcup are some-
what lower than Awad1s average of 5:31:06 hrs. 
Although there are differences in the time to failure, t
u
' and 
cycles to failure, nu' obtained in this work and the data obtained by Awad,18 
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which at first sight may appear to be considerable, it must be remembered 
that for tests of this kind the scatter of results is normally large. 
3.503.20 Study of Crack Parameters at Various Stages of Loading 
Tables 3.4 and 3.5 compile the average values of a number of crack 
parameters at various stages of short-time tests and at failure for cyclic 
and sustained tests, The crack parameters under study were: (1) total crack 
length in a given photograph divided by the photograph area, (2) average 
length of a crack, (3) average crack orientation, and (4) average crack 
spacingo These crack parameters are indicative of the surface crack density, 
the crack orientation and the manner in which ~acks grow. The procedures 
for determining these parameters have been discussed in section 3.4.3. Each 
entry in the tables is the average of at least six observations, with the 
exception of 0.95-0 fcup cyclic tests where only four values were obtained. 
For short-time tests it can be seen, from the values given in 
Tables 3.4 and 305, that the average total crack length over the traced area, 
which in the following will be referred to as crack density, and the average 
length of a crack increase with increasing strain. The same tendency was 
observed for the crack density variations in individual tests. The varia-
tions in average length of a crack under increasing strain for individual 
test results was inconsistent, i.eo, in a number of instances the values at 
failure were smaller than at previous stages. This inconsistency is due to 
the formation of many new interface cra.cks, which in many instances, are 
smaller than the existing cracks. 
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Contrary to the parameters discussed above, the average crack 
orientation (average deviation of a crack from the direction of loading) 
and the average crack spacing, if taken as an average of all observed short-
time tests, decrease with increasing straino However, for some individual 
specimens, the variation of the average values of crack orientation in 
short-time tests was inconsistent and often increased rather than decreased 
with increasing strain. Again, this may be caused by the formation of new 
cracks, in particular, new interface cracks. These cracks, which are 
usually the most numerous, tend to have higher inclination with respect to 
the applied load than the larger, previously observed cracks. Therefore, 
these small cracks may cause the average inclination to increase rather than 
to decrease as would otherwise be expected. For individual tests, the aver-
age crack spacing was found to decrease under increasing strain in agreement 
with the expected tendency. 
Figure 3e9 shows the variations in the crack density (total crack 
length/traced area) with time for sustained load tests on sawed specimens. 
Figure 3~ 10 shows the same relation for specimens with surfaces as cast. 
The form of the curves for individual tests is similar to that of Fig. 3.4 
(strain vs time), indicating that the longitudinal strain is related to the 
crack density. Another important characteristic of the curves in Figs. 3.9 
and 3.10 is the sudden manner in which the crack density increases at 
failure. It also appears that the value of the crack density at failure 
is larger the longer the time to failure. 
For the cyclic tests on sawed and as-cast specimens, the varia-
tion of crack density with number of cycles is shown in Figs. 3011 and 3.12, 
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respectively, Comparing these figures with Fig. 3.4 (strain vs cycles) it 
is clear that the variation in crack density during cyclic tests is related 
to the variation in longitudinal strain during the same tests. The marked 
change in crack density at failure is again observed, similar to the sustained 
load testso The absolute. change in crack density at failure seems to be 
more pronounced in cyclic tests than in sustained load tests. This may 
imply that cyclic failure is more sudden than failure under sustained loads. 
Variations in average crack spacing with time, for sustained load 
tests, are shown in Figs. 3013 and 3.14. Figures 3.15 and 3.16 show the 
variations of the same parameter with the number of cycles. It is observed 
that the crack spacing decreases steadily with increasing time or cycle 
ratio. At failure, the average crack spacing does not seem to decrease as 
markedly as the crack density does. The average crack spacing at failure 
shows a tendency to decrease as the time or number of cycles to failure in-
creases, but the differences are smallo 
3.503.30 Study of Crack Parameters at Failure 
One of the objectives of this work was to determine if compressive 
failure occurs when a critical configuration of microcracks is reached, 
which is only dependent on the stress level at failure. This critical 
microcrack configuration results from a process of progressive cracking, 
which continuously deteriorates the concrete system until it is unable to 
resist the applied load. The term failure is defined, in the context of 
this work, as the inability of a member to resist an applied compressive 
load. According to this definition, the descending portion of the stress-
strain diagram of short-time tests corresponds to a failure curve, i.e., 
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the maximum load the concrete can sustain after a given strain has been 
reached. 
What is a microcrack configuration and how can it be identified 
uniquely? A configuration of microcracks was taken to include all the 
cracks in the material as well as their relative positions in the systema 
The surface crack parameters introduced in the previous section are only 
a few of the many parameters which can be used to describe indirectly the 
microcrack configuration. It has been said that this critical crack ton-
figuration results from progressive deteriorationo Therefore, the parameter 
or parameters selected to determine the uniqueness of the crack configura-
tion at failure must also indicate the progressive nature of the process. 
Among the four surface crack parameters under study, only two 
exhibited consistent progressive behavior: the crack density (total crack 
length per unit traced area) and the average crack spacing. The latter 
parameters were , therefore, used to test the concept of unique crack con-
figuration at failure. 
Figure 3.17 shows the average variations in crack density at 
failure as a function of the stress level, for specimens with sawed sur-
faces. It appears that the values of the parameters differ for the differ-
ent load histories, in particular, at a stress level of 0.85 f . In cup 
addition, the values of the crack density at failure are largest for 
sustained load tests and smallest for short-time tests. Awad lS has found 
that the longitudinal strain at failure is largest for sustained load tests 
and smallest for short-time tests (Fig. 3.18), thereby showing once more the 
strong similarity between the longitudinal strain and the extent of cracking. 
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Figure 3~ 19 shows the variation in crack density with the stress 
level for specimens with surfaces as cast; similar to the data given in 
Figo 3.17, the values for the crack density at failure are far from unique 
at the different stress levels" The difference is more marked at a stress 
level of 0.85 f Q The value of the crack density for cyclic tests at a cup 
stress level of 0.85 fcup was found to be slightly larger than for sustained 
load tests; but the crack densities in time-dependent tests were much 
larger than in short-time testsn At a stress level of 0095 fcup ' the crack 
density of the sustained load tests was largest and that of the cyclic 
tests lowest, but the three values were close o 
Figures 3.20 and 3.21 show the variation in average crack spacing 
at failure with the stress level for the different load histories. Similar 
to crack density, the values of the parameters at failure are found to be 
dependent on the load history. The differences appear to be more significant 
at 0.85 fcupo The average crack spacing at failure is observed to decrease 
with the decreasing stress level for each of the different load histories. 
The parameters studied do not give any indication of being unique 
at failure, even though they are considered good indications of the extent 
of cracking in the system. It is true that the differences in surface 
crack parameters at 0095 fcup were not large, but this is not surprising 
since a considerable portion of the damage at failure is the result of 
initially loading the specimen to such a high stress level. The different 
mechanisms of progressive cracking for the different load histories really 
come into play at a level of 00 85 fcup ' and it is at this level where the 
differences are considerableo 
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These studies, therefore, indicate that the existence of a 
certain crack configuration as indication of failure at a given stress 
level is at least very unlikely, and that failure can be reached with more 
than one configuration of microcracks" 
3.5.3.4. Variations in Crack Density with Longitudinal Strain 
It has been said in the earlier sections 3.5.3.2. and 3.5.3.3., 
that variations in longitudinal strain at various stages of loading for the 
different load histories are strongly related to similar variations in crack 
densityo This relationship becomes more evident when the variations in 
crack density are plotted against the longitudinal strain. Figures 3.22, 
3023, and 3.24 represent such plots for short-time, cyclic and sustained 
load tests, respectivelyo The crack density increases with increasing 
strain. Comparison of the three figures shows that this relationship is 
not dependent on the load history. 
305.4. Comparison of Techniques of Measuring Crack Growth 
The specimen to be used for comparison purposes was loaded to 
the ultimate strength and immediately unloaded. Two 1/4-in. thick cross 
sectional slices were removed from its central portion by sawing. These 
two slices were then studied for cracks using the Cornell technique 3 and 
the standard technique used in this investigation. 
Table 3.5 shows the results of the study.· It is observed that 
the values of the crack density obtained by the two procedures are very 
simi 1 a r, fo,r each of the two s 1 ices. Furthermore, the crack ma ps obta i ned 
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by the two procedures were almost identical, with only minor differences 
which were usually restricted to small cracksc It is also observed from 
Table 305 that the crack densities of the two slices are approximately equal. 
This was expected, as the two slices were originally continuous and their 
aggregate configuration was very similar, 
The values of the average crack spacing for both techniques are 
similaro Nevertheless, it does not appear reasonable that the crack spacing 
obtained for slice 2 using the University of Illinois technique should be 
smaller than for the Cornell technique when the Cornell technique gave a 
higher value of crack density. This contradiction may be due in part to 
the procedure used to determine the crack spacing, which is sensitive to the 
number of small cracks crossing the mesh lines, It may be that the mesh 
used for the University of Illinois procedure may have crossed a very large 
number of small cracks, which the Cornell procedure may have missed, thereby 
giving a larger' average spacing than the University of Illinois procedureo 
On the basis of this study it appears that the technique used in 
this investigation provides maps of cracks which are comparable to those 
obtained by the Cornell techniquen 3 It has the added advantage over the 
Cornell technique that it can be used to study progressive crack growth in 
individual specimens, which makes it particularly useful for studies of 
the nature of crack growth. 
It may be questioned whether observed external cracking is a good 
indication of cracking in the interior of a specimen. The work of Sturman, 
et aL., 45 who studied cross sectional slices loaded to predetermined strain 
levels using the Cornell technique,3 provides some insight into the question. 
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Table 3.7 shows values of total cracking for exterior and interior strips of 
such cross sections, for the different specified strains. The location of 
the individual strips is shown in Figo 3.250 It is clear that cracking of 
exterior strips (A and F) is similar to that of interior strips. It can be 
concluded from these results that interior cracking is not likely to be 
substantially different from exterior cracking. 
3.5.5. Failure Modes 
The macroscopic crack patterns of the failed specimens were studied 
in an effort to gain more insight into the mode of failure in uniaxial 
compression under the different loading histories. It was found that, in 
general, the failure patterns for cyclic, sustained, and short-time loading 
were very similar. A considerable number of wide cracks were, in most cases, 
observed in the vertical surfaces of the prisms. Most of these wide cracks 
had an average orientation close to the direction of loading. A number of 
these so called vertical cracks were relatively short, others were almost 
as long as ·the specimens. For the majority of specimens, ·long and wide 
inclined cracks were also observed. These inclined cracks almost invariably 
occurred in pairs, i.e., cracks with similar orientation occurred either in 
opposite (Fig. 3.26) or in adjacent vertical surfaces (Fig~ .3.27).· The 
average inclination of these cracks varied between 20° and 30° with respect 
to the direction of applied load. In some of the tests with sawed surfaces, 
the wide cracks happened to coincide with the sawed sides. This provided 
an opportunity to observe how these cracks form, at least within the bounds 
of the photographs. It was noticed that wide cracks formed progressively 
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by joining of individual microcracks. The first links formed at early stages 
of loading and were mainly interface cracks. At later stages, additional 
interface cracks formed along the potential failure path, while some of the 
previous interface cracks extended into the mortarc At failure, complete 
joining of cracks must have occurred to form both the vertical and the 
inclined wide crackso 
The formation of long and wide inclined surface cracks immediately 
before or at failure suggests that failure will occur as soon as a continuous 
inclined failure surface is formed. The inclined surface cracks are the 
external projections of such a failure surfaceD This hypothesis is further 
substanciated by the observation of spalling at the bottom of the prism in 
Fig. 3.26 0 It seems that after the formation of a continuous failure surface, 
the top part of the prism tried to slide in relation to the bottom part, 
but was restrained from so doing by the bottom load plateno This restraint 
gave rise to large compressive stresses at the bottom end, which subsequently 
produced spalling. The formation of inclined surfaces at failure have also 
been observed by otherso2,6,12~21,46 Some investigators have tried to use 
theories of planes of least resistance, such as Coulomb!s internal friction 
approach, in an attempt to explain this behaviorc 6 This approach was re-
jected by other investigators who thought that inclined failure surface 
formation is not a primary cause of failure, but is a consequence of the end 
restraint provided by stiff loading platenso 2 ,12,30,32 
Glucklich,32 for instance, carried out a detailed study of the 
effect of end restraint on the mode of failure. Along with the effect of 
stiff loading platens, he studied the effect of placing thin sheets of 
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asbestos cardboard or wax between the loading platens and the specimen. 
Glucklich observed that in the last two cases, failure resulted by vertical 
splitting of the specimens, while for stiff bearing plates, the failure 
surface was inclined, He concluded that vertical splitting was the true 
mode of failure in uniaxial compressiono The inclined failure surface, 
Glucklich argued, resulted from lateral restraint of the stiff bearing 
platens. This restraint caused a state of triaxial compression at the 
ends of the specimens, which in turn, forced inclined cracks to form. 
Glucklich commented that when wax was used it tended to flow outward 
causing biaxial tension in the lateral direction. He failed to mention 
that a similar state of biaxial tension can be caused if the cardboard ex-
pands laterally at a faster rate than concrete, which is a likely occurrence. 
So it appears that the end conditions have not been improved, they only 
have been changed from one extreme to the other. 
If the end restraint of stiff bearing platens causes inclined 
surfaces to form at failure, why is it then, that failure of cement paste 
cylinders occurs by progressive spalling of thin vertical sheets even 
though they are tested with the same stiff platens? See Figo 3.280 
This would indicate that such platens do not have any significant effect 
on the mode of failure for cement paste, yet they are all important in 
causing inclined surfaces to form in concreteo This argument does not 
seem reasonable o 
The work of Kupfer, ~ ale ,46 and Richart, ~ ai.,6 further 
reinforces the writer's belief that the formation of an inclined failure 
plane is a fundamental form of failure. Kupfer, et al.,46 used special 
loading platens, brush bearing platens, which provide very little 
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end restrainto Yet they observed that major inclined cracks, at approxi-
mately 30 e to the applied load, appeared at failure for uniaxially loaded 
specimenso Richart, e;t a"L se1 tested large concrete cylinders (40 inc long, 
10 in. diameter) under uniaxial compression. It has been shown that the 
effects of end restraint are significant only to a distance from the ends 
equal to the largest cross sectional direction.~; Thus, the center half of 
specimens tested by Richart, ex ate,6 were essentially unaffected by the 
loading platense Nevertheless, typical cone failures at about midheight 
were observed in at least two of the four test cylinders (see Fig. 3.29). 
In view of the previous discussion it is clear that the formation 
of an inclined failure surface cannot be simply regarded as the result of 
end restraint. It seems most likely to be related to the process of crack 
growth. 
3c 6o Summary and Conclusions 
In this part of the investigation the nature of surface crack 
growth and final failure for plain concrete loaded under short-time com-
pressive loads, as well as, under high cyclic and sustained compressive 
loads was investiga..ted~ The major parameters under study were the maximum 
stress level in cyclic tests and the sustained load level in sustained 
load tests. Two surface conditions were studied: (1) surfaces as cast 
and (2) surfaces with exposed aggregates. 
The significant findings are summarized as follows: 
(1) For specimens with surfaces as cast, load independent 
cracking was concentrated around voids and had random 
orientation. Similarly, cracks resulting from. 
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external loads were mostly void cracks, but they tended 
to be oriented close to the direction of the applied 
load. Joining of cracks was limited to nearly collinear 
cracks (collinear cracks are cracks which fall along a 
common straight line). 
(2) For specimens with sawed surfaces load independent cracks 
were mostly interfacial and aggregate cracks."}n a'number 
9f instances aggregate cracks were·found,tocoinqi4§ with 
( 3) 
(4) 
the bedding planes of the limestone aggregates. 
The increase of cracking at a stress level of 0.85 f 
cup 
was more extensive than at zero load but this increase 
was small and mostly limited to interface crackso 
Increasing the stress level from 0.85 to 0.95 f 
cup 
caused a significant increase in cracking. In addition 
to new interface cracks, previous interface cracks were 
found to extend into the mortar. 
(5) The rate of crack increase was largest when the specimen 
was loaded into the descending portion of the stress-
strain relationships in short-time testso For stresses 
below 0090 f cup ' wide cracks of small average inclina-
tions with respect to the axis of the applied load were 
observed. 
(6) Wide cracks appeared to link previous cracks; they grew 
mostly along interfaces 0 At times they were found to 
break through aggregates~ For tests with surfaces as 
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cast, wide cracks appeared to be independent of the 
cracks existing at previous stages. 
(7) For cyclic tests at a maximum stress level of 0.85 fr.up' 
crack growth at early stages of cycling was 
mostly interfacialc At stages close to failure there 
was a considerable increase in cracking,ahd also 
mortar cracking was observed. At failure wide 
cracks developed. 
(8) Cyclic tests at 0.95 f cup ' exhibited mortar cracking 
even during the initial load application. Considerable 
increase in cracking was observed close to failure. 
Once again wide cracks were observed at failure. 
(9) For sustained load tests at a stress of 0.85 f cup ' 
mortar cracking was observed at early stages of 
sustained 1oading. This is a different behavior from 
the one exhibited by the 0085 fcup cyc1ic tests, 
where mortar cracking did not occur except during late 
stages of loadinge Once again there was a marked 
crack increase at late stages of loading and at 
failure, wide cracks were observed. 
(10) The nature of crack growth for sustained tests at 
0.95 fcup was basically the same as for the 0.95 fcup 
cyclic tests. The differences were only quantitative 
as at failure total cracking was larger for the 
sustained load tests. 
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(11) Progressive crack growth can be expressed by two 
surface crack parameters: the crack density and 
the average crack spacing~ 
(12) The microcrack configuration at failure for a 
given stress level does not appear to be unique, 
but to depend on the load history. 
(13) The longitudinal strain is closely related to 
progressive cracking. 
(14) The values of surface crack parameters at failure 
appear to be directly related to the time to 
failure in the sustained load tests and to the 
number of cycles to failure in the cyclic tests. 
(15) The technique used in this investigation gives 
microcrack contours which are similar to the 
ones obtained with the Cornel1 3 procedure. 
(16) The presence of large inclined cracks at failure 
suggests the possibility of failure resulting 
from the formation of an inclined failure surface. 
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4. FAILURE MODEL 
On the basis of previous investigations and the observations 
described in Chapter 3, the following conceptual model of crack propagation 
and failure in concrete is now proposed: 
(1) Microcracks form initially at mortar-aggregate inter-
faces; most of these cracks are initially inclined 
with respect to the direction of loading. Under load, 
the interface cracks eventually propagate into the 
mortar, preferentially in the direction of the applied 
loado The cracks, however, follow the weakest sur-
faces (interfaces, both cracked and uncracked) of the 
system. These observations are in agreement with the 
findings of other investigatorso 2 ,7,9 
(2) The progressive formation of microcracks leads to a 
system composed of a large number of small concrete 
elements which are separated by predominantly vertical 
cracks. This has also been suggested by otherso 2 ,12 
(3) Failure, however, does not occur by progressive failure 
of the individual small elements mentioned in (2), but 
by the joining of small cracks to form one continuous, 
inclined fracture surface~ This concept of ultimate 
failure is different from the element failure proposed 
by others. 2 ,12 It is also conceptually different 
from Coulomb's approach, since it conceives failure as 
a consequence of progressive cracking, while Coulomb1s 
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approach assumes that sudden failure occurs along a given 
plane when a limiting shear stress is reached. 
The question which must now be answered is how and under what con-
ditions inclined fracture surfaces form from individual microcracks. This 
problem may be attacked by studying the interaction of cracks and describing 
the conditions under which small individual cracks join to form one major 
crack. This is the objective of the following chapter. 
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5. MODEL STUDY OF THE MECHANICS OF CRACK PROPAGATION AND FAILURE 
IN A COMPRESSIVE FIELD 
5.1. Introduction 
At the end of Chapter 4, it was suggested that interaction between 
cracks might be the primary cause for the formation of inclined failure sur~ 
faces in concrete. An analytical and an experimental model study was under-
taken to determine the validity of this hypothesis as well as the conditions 
which may lead to the formation of failure surfaces. 
5.2. Analytical Study 
5.2.1. Fracture Mechanics Model 
The principles of fracture mechanics were applied to a model in 
order to study how cracks grow in a compressive stress field and to study 
the effect of crack interaction on crack tip stresses. Appendix A provides 
a review of the basic concepts of fracture mechanics. 
The model consisted of inclined frictional cracks in a homo-
geneous, isotropic, and linearly elastic, two-dimensional infinite body. 
Here, frictional cracks are understood to be cracks which can transmit forces 
across and parallel to their surfaces. Only straight cracks were con-
sidered. The model is shown in Fig. 5.1. The limitations of this study, 
in connection with its application to concrete, will be discussed in 
Chapter 6. 
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5.2.2. Extension of Cracks in a Compressive Field 
5.2.2.1. Cotterell IS Criterion for Crack Extension 
Cotterel1 48 has proposed that a crack will propagate in the 
direction which maximizes the strain energy released as a result of crack 
extension. Following Cotterell IS argument, suppose that a crack, such as 
the one shown in Figo 5.2, extends from :0 to P along a curveT] = n. The 
o 
curve n = no is one of an infinite set of curves on curvilinear coordinates 
~,no The distinguishing property of these curves is that a curve n = con-
stant always passes through 0. According to Bueckner49 the energy released 
upon such an extension is given by, 
( 5. 1 ) 
where, 
Ud = strain energy released upon extension from ° to P 
uP,Uo = strain energy of the system. at P and 0, respectively 
cr ,Tc = stresses that exist on OP when the crack is at 0; 
n .."n 
( + -' +-) u - u ), ( u 1:" - U c 
n n ..".." 
cr is the axial stress normal to the n curve, 
n 
T~n is the shear stress along the same curve 
= the relative displacements of the crack surfaces 
on OP when the crack is at P 
For such a crack extension to occur, Cotterel1 48 explained that 
Ud must be a maximum, or: 
aUd a2u 
0 and d 0 (5.2) -- --< an ' 2 an 
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In terms of the variables of equation (5.1), the formulas derived 
from these conditions can be reduced to, 
+ Tt;n 
and, 
82 2 T~T" 
o + 8 + -) '.. ~n8 . +_ 
-r (un - u-) + 0 -2 (u - u + 2 -- -. (u· - u·) 8n n n 8n n n 8n 8n t; t; 
80 a + a ~t;n .( + _) 
+ 2_n - (u - u -) + U t" - at" 
an an n n an 2 s s 
5.2.202. Direction of Initial Crack Extension for a Single Crack 
in a Compressive Field 
(5.3) 
(5.4) 
Suppose that there is a single, frictional crack of length, 2c, 
in the model described earlier. The body is loaded uniaxially at infinity 
by a uniform compressive stress, 01' and the crack is inclined at an angle 
¢ with respect to the applied stress. 
General solutions for the stress concentrations in such a system 
are not readily available. The system, nevertheless, can be modified by 
transformation of boundary stresses and superposition principles, such that 
known solutions can be applied. 
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The boundary stress, 01' can be transformed into equivalent 
boundary stresses in the planes parallel and normal to the crack, 
(5.5) 
It was postulated earlier that stresses can be transmitted across 
crack surfaceso Assume that stresses normal to the crack surfaces, 0¢, 
can be transmitted completely. This implies that if the crack surfaces 
slide relative to each other, frictional stresses of magnitude ~0¢ will be 
generated, which will oppose such motion. Then the system, with all the 
applied boundary stresses, will be as shown in Fig. 5.3. It is important 
to observe that with respect to the normal stresses, 0¢ and 0¢ ~ TI~2, 
the system behaves as if no crack was present. 
The frictional stresses, ~0¢, at the crack boundaries, can be 
substituted by two sets of boundary stresses as shown in Fig. 5.4. 
System (a) produces uniform shear throughout, while system (b) does not 
transmit frictional shear forces across the crack surfaces. The modified 
system, with all the applied boundary stresses, is shown in Fig. 5.5. 
The stress'es in system (a) in Figo 5.5 cause stress concentrations at the 
crack tip; the stresses in system (b) result in a uniform stress distri-
bution throughout. Solutions for the stresses in the vicinity of the crack 
tips of system (a) are generally known. 5o They can be expressed in polar 
coordinates as follows~ 
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~ K l 
° = __ 1-.11. (3 cos 8 - 1) sin ~' 
r 2ir ... /21T 
sin e) cos ~ 1 2J 
1 ,;" Kr r '\ 
= -- li- (3 cos e - 1) cos ~, 
L re 2rr llZTI 2: 
(5.6) 
where- !Ir" and -lIe" are described in Fig. 5.1. Krr is the stress intensity 
factor for sliding movement between the~two-crack surfaces. 
The- value of KII for a straight- crack with- uniform boundary shear 
at infinity is given by theexpression,5o 
(5.7a) 
where, 
2c = crack length 
For the problem under investigation the value of L corresponds to 
(L¢,¢ + TI/2 - ~0¢)o Utilizing eqQ 5.5, KIr can be expressed in terms of 
the applied stress, 0,: 
The corresponding set of stresses caused by the boundary stresses of 
system (b) in Fig. 505 is given by the following equations: 
(5.7b) 
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1 + cos 28) [°1 sin2(~ + 1T/2)] o' ==- (1 r 2 
1 
-"2 (1 - cos 28) [°1 ' 2 Sln ~] 
= sin 28 [p 0, o 2 ~J Sln 
1 
- cos 28) [0, . 2 (~ + 'TT/2)] (5.8) 
°8 = =2 (1 Sln 
-± (1 + cos 28) [°1 . 2 ~] Sln 
+sin 28 [~01 . 2 ~] Sln 
'Ir8 1 ' = "2 Sl n 28 [01 o 2 Sln (~ + 1f/2)J 
1 . 28 [01 sin 2 ~] = '2 Sl n 
- c;os 28 [ll 01 . 2 ~] Sln 
Since the stresses produced by system (b) of Fig. 5.5 are uniform 
throughout, the expressions(5.8)were obtained by a transformation of the 
boundary stresses into the directions 8 and 8 + 'TT/2. 
In the preceeding equations, the stresses have been expressed in 
polar coordinates because it will be assumed in the following that cracks 
extend radially from the tips of the original crack. Therefore, in applying 
Cotterel1 's 48 criterion of crack extension, the variables n, t; correspond 
to the variables 8, and r~ respectively. 
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The stresses in the vicinity of the crack tip are controlled only 
by the values given by Eq. 5.6. Therefore, in determining the direction 
of initial crack extension, only Eq. 5.6 has to be considered. In the 
following, likely directions of crack extension will be selected. Then it 
will be checked whether these directions result in a maximum value for the 
strain energy released. A more general solution, giving the energy re-
leased for all possible radial extensions, is more difficult to obtain, 
since the relative crack surface displacements (u+ - u- u+ - u~) of the 
n n' ~ <:. 
new crack surfaces have to be known in order to determine the energy re-
leased as·a result of ~rack extension. Such information is difficult to 
determine, except for extension in the original direction of the crack. 
The directions of the maximum tensile stress (oe)max' normal 
to-the radial vector, r, and the directions of the maximum shear stress, 
(T e) ,were considered the two most likely directions of initial exten-r max 
siano The directions of maximum shear stress were obtained from the con-
dition, 
dT re = de 0 (5.9) 
where T
re 
is given by the last of Eqs. (5.6). Details of the solution of 
Eq. 5.9 are given in Appendix B. It was found that the shear stress is 
stati onary for e ~ 0° a,~~ .. ± 124°" These di recti ons are independent of the 
initial crack orientation, cp. It will be shown, nevertheless, in section 
5.202 0 30 that for values of cp.larger than a value ¢ . , the cracks, according mln 
to the analysis, will not propagate under load. The largest of the three 
stationary values of Tre , was obtained for e = 0°, indicating that if shear 
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is the governing factor, a crack will grow in the direction of initial crack 
orientation. It is shown in Appendix B that for such an extension the strain 
energy released i's stationary~ however, it is not possible with the mathemati-
cal procedures used here to determine whether this value is a maximum or a 
minimum. 
The direction of maximum tensile stress can be obtained from the 
condition, 
(5.11) 
The results of such calculations also are given in detail in Appendix B. It 
was found that the maximum tensile stress (0 ) occurs at an angle e = 8 max' 
=70.5° a Again~ this angle is independent of the initial crack orientation, 
¢. It is shown in Appendix B that for such a-value of 8, the strain energy 
released upon crack extension is also stationary. 
5.2.2 0 3. The Propagation of Cracks with Different Initial Orientations 
It can be seen from Eq. 5,6 that the intensity of the stresses at 
the crack tip depends on 'the value of KIT (Eq. 5.7b). The value of Krr is, 
in turn, dependent on the initial crack orientations ¢. Therefore, the 
initial crack orientation for which a crack o~ length, 2c, will extend at 
the lowest applied load will be the one for which the valu~ of KrI is a 
maximumo This inclination is called the critical crack orientation, ¢max' 
and can be obtained from the condition, 
(5.12) 
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'Since the term crllITC in [q~: (5.7b) is, ili~.general, not'iero the 
critical' crack orientation was found to be, 
(5.13) 
where ~ is the frictional coefficient between the two adjacent crack surfaces. 
This result is identical to the expression obtained by McClintock and Walsch.38 
The value of Kr I in Eq. (5. 7b) becomes zero when, 
sin ¢ cos ¢ - ~ sin2 ¢ = 0 (5.14) 
which gives a value of ¢ equal to, 
~ - arc tan (1/11) 
'+'min - t-' (5.15) 
Since negative values of Krr are meaningless, it is clear that a crack which 
is inclined at an angle equal to or larger than ¢min' does not propagate 
under compressive stresses. 
50 2e3. Study of Crack Interaction 
When two or more cracks are present in the compressive stress 
field, ~hown in Fig. 5.1, the stresses at the crack tip are different from 
those determined for a single crack. This is particularly true if the 
cracks are close to each other. It is likely that this interaction wil1~ 
affect the direction of crack extension, but since it was not possible to 
determi ne. the effects of crack i nteracti on on the directi ons of maximum 
energy released, this statement must be considered a speculation. 
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The effect of the presence of more than one crack on the crack 
tip stresses can best be shown in terms of stress intensity factors, Krr; 
A number of expressions for KII have been determined for different crack 
configurations; they will be discussed in the following. 
Cracks which fallon a common straight line are ter[l}ed collinear 
cracks, ioeo, h = 0 as show~ in. Fig. 5.1. The mode II stress intensity 
factors, KIT' for two collinear cracks in a two-dimensional, infinite body, 
subjected to boundary shear forces at infinity, have been obtained by 
Wi lmore: 51 
fb2 E(k) 2 -I' 1/2 i K(kT - a , 
K11(N) = '[(ITa) ! 2 2 1/2 j 
;._ (b - a ) 
for the near ends of the cracks, and, 
for the far ends. Where. 
2 2 1/2 
k = [1 - (a Ib )] 
K(k) = complete elliptic integral of the 1st kind 
E(k) = complete elliptic integral of the 2nd kind 
(5.16) 
(5. 1 7) 
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The other terms used in·Eqs. ·5.16 and 5.17 are described in Fig. 
5.1. The value of·the shear stress,'T~ for the case of frictional cracks 
in a compressive field would be equal to (T¢,¢ + n/2 ~0¢), just as for 
the case of a single crack, for which KII was found to be: 
KII(single) = Tim: (5.7a) 
Figure 5.6 shows the ratios of K11(N)/K11(sinale) and K11(F)/K11(sin le) 
- -- \ - - I - - \ - - - - ...J - - I - -- \ I -- \ - g -. 
for values of the relative crack,spacing, 2a/2c, i.e., the ratio of the 
actual crack spacing, 2a, divided by the crack length, 2c. Figure 5.6 
shows clearly that both KII(N) and KII(F) are larger than KII(single)' in 
particular, for values of the relative· crack spacing less than two. This 
indicates that there is a stress increase due-to the presence of the second 
crack. It also can be observed that K1I(N) is larger than KII(F) for the 
same range of 2a/2c, indicating that the closer the crack tips, the larger 
the stress intensification. 
The problem of an infinite number of collinear cracks with equal 
spacing has also been studied. 52 For this case the following expression for 
KII has been obtained: 
(5.18) 
The ratios of K~I(oo)/KII(single) for different-values of 2a/2c are also 
shown in Fig. 50 6 .. It can be observed from Fig. 5.6 that for an infinite 
number of cracks, the values of KII are larger than for any of the other cases 
studied so far. 
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.1.% 
./.' .... 
.. i 5.2.3.20 Parallel Cracks 
The term 'Iparallel crack" is used here in a very restricted 
sense~ in addition to the crack planes being parallel, the cracks are of 
equal length and overlap. completely, as shown in Fig. 5.7. Several numeri-
cal solutions of parallel crack problems have been obtained using con-
cepts of continuous distributions of infinitesimal dislocations. 53 ,54 
Yokobori, et al.~53 obtained an approximate formula for the 
ratio of K1I (2)/K1I (single)' where KII (2) is the stress intensity factor 
for two parallel crac:ks in a two-dimensional, infinite body, loaded by 
shear forces at infinity, 
'T'T"KI_1-..!o( 2--:) __ = '1 
K11(single) 
" 
4; -1 
(£) 2 [lJ + 0 [c4J ·, h 2 h: (5.19) 
where K11 (2) is the same at all four crack tips.· The third term in the 
right hand side of the expression represents a term of the order 
(c4/h4)o The other terms in' the expression are shown in Figs. 5.1 and 
5.7. The above formula is only valid for h » c. 
Ichiwaka~ et al.;54 have obtained an approximate formula for 
the stress intensity factor~ K~I(oo),Of an infinite number of equally 
spaced parallel crac~and found that the expression, 
P 
_KI_I-,--( oo~) __ ~ [1 + ~ (lfl 2 - 3VO (lfl 4 + O{(lfl 6} ] 
K11(single) 
(5.20) 
can be used as a good approximation for h »c. For very close spacings, 
h « c, Yokobori~ et al.~53 found that, 
where, 
ell = 0.8596 
el2 = 0.2463 
provides a good estimate.--
75 
(5.21 ) 
P Figure 5.7 shows values of KII (oo)/KII (sing1e) and KII (2)/KI1 (sing1eO 
for different values of-the normal distance between cracks, h, over the 
crack length, 2c o Since-no solution was available for the case of two 
cracks at narrow separations (h « c), the portion for narrow spacings was 
extrapolated by assuming-that the tendency would be similar to the case of 
an infinite number of cracks. Figure 5.7 indicates that the presence of 
more than one parallel crack leads to increased crack tip stresses. 
50203.3. Other Crack Patterns 
Crack configurations such as theone-shown in Fig. 5.1 have not 
been studied ana1ytical1y,-but on-the basis-of the solutions discussed in 
sections 502 0 3.10 and 5.2~.3~2~;-itis apparent that additional closely 
spaced cracks will intensify-the crack tip stresses beyond the values 
obtained for a single crack. In other words, they will increase the value 
of KII . 
5.2.4. Discussion 
A fracture-mechanics model has been used to determine directions 
of possible crack extension in a compressive field, to predict the most 
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critical crack orientation (i.e.~ the initial orientation-of a crack for-
which crack extension takes place at the lowest load), and to show that 
the presence of more-than-one-crack in a compressive-field will result in 
higher stresses at the crack tips than for the case of a single crack. 
Although the model has been useful, a number of questions re-
main unansweredo For example~ there are at least two possible directions 
of crack extension according to the criterion of maximum strain energy 
released. Suppose that-the-two directions investigated are the only pos-
sibilities, which one:of-the-two gives the true direction of growth? The 
answer to this question is of utmost-importance, because depending on 
which direction the-crack extends, growth may-be either stable or unstable. 
If the crack grows in the-direction of maximum tension, then the direction 
of growth differs from the orientation of the initial crack and growth is 
likely to be stable~-becal:.lse-for-further growth, the crack depends on very 
localized tensile stresses-in the vicinity of the tip-of the extended 
track. If the crack- extends-in the direction of-maximum shear, the crack 
continues to increase along-a straight line; and the stress intensity at 
the new crack tip continues-to- increase with increasing crack length, as 
shown in Eqo 5.7bo Therefore~ this--type of-extension is likely to lead to 
unstable crack growth and~ consequently, to fracture. 
Bombolakis 42 studied-the-crack growth from the ends of elliptical 
holes in a compressive stress field, using glass specimens. He-observed 
that for single holes, the orientation of the crack extensions (branch 
cracks) deviated from the orientation of the major axis of the ellipti~al 
holes and gradually approached the direction of the applied load until:they 
ceased to grow. The same behavior was observed by Bombolakis for systems 
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with several elliptical holes. These observations seem to indicate that the 
presence of other cracks would not have any effect on the way a branch crackr 
grows from a particular elliptical hole. If this were true, the only way in 
which inclined failure planes would form would be if cracks would happen to 
fall in the line of propagation of other growing cracks~ resulting in a step-
like inclin~d ~urface, as shown in the sketch, below: 
t"~ 
1 ,~, 
However, the writer believes that the presence of more than one crack, in 
addition to increasing the stress intensity at the crack tip, srou1d also 
cause significant changes in the manner in which cracks extend when compared 
to crack extension of a single crack0 It can be seen from Eq. 5.1, that the 
energy released as a result of crack extension in a given direction depends 
on both the stresses along the line of potential extension prior to crack 
extension and on the relative displacements between the new crack~surfaces, 
resulting from the crack extension. If the direction of crack extension is 
to be modified by the presence of additional cracks, then, according to the 
concept of the maximum strain energy released, either the stresses or the 
relative displacements between crack surfaces for the different radial direc-
tions would have to be changed by the presence of another cracka Then a new 
preferred direction of crack extension would result. It has been shown that 
the presence of additional cracks causes an increase in the KII value. But, 
since a change in KIr affects the stresses in all directions equally, it is 
not likely that this change will haVe any influence on the manner in which 
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a crack grows 0 On the other hand, it is reasonable to suspect that the 
relative displacements of crack surfaces will be affected differently for 
the different radial directions by the presence of other cracks. Take, for 
example, the case of a single crack as shown in part (a) of the following 
sketch, 
(a) Single Crack Before Extension (b) Single Crack After Extension 
Suppose that the crack extends along line OPo The resulting crack would 
be as shown in part (b) of the same sketcho Now take the same crack but 
with another crack close by, as shown in part (a) of the sketch below: 
Ol~ 
/" 
.. ' (a) Two Cracks Before Extension (b) Two Cracks After Extension 
Suppose that, as a result of crack extension, the two cracks join, as seen 
in part (b) of the above sketch. It is then apparent that the relative 
displacements between crack surfaces along 0-0 1 will be large· compared 
with those resulting from th~ extension OP of a single crack. This argu~ 
ment is convincing but needs to be tested conclusivelyo 
Answers to these questions were hoped to be found in the experi-
mental model study, which will be described in section 5.3. The effects 
of transmission of forces across crack surfaces was taken into account 
and also crack configurations other than those studied by 
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Bombolakis42 were-investigated~ The fact that Bombolakis studied elliptical 
holes rather than-fiat, frictional cracks'might have accounted for his 
results not showing any interaction effects 6n crack growth, as the stresses 
in the vicinity of the-tips of the major axis of the elliptical flaws are 
different from those at the tips of flat frictional flaws. 
5.3 0 - Experimental Study 
The purpose-of-thi's-study was,to verify-and extend the results 
from the preceeding analytical study and to provide a link between the 
analytical investigations: and their application to the fracture of concrete. 
In particu1ar~ the propagation'of-single cracks and the interaction between-
two neighboring cracks-in-a compressive stress field were studied. Length, 
orientation· and relative-location of the cracks were the main parameters. 
Specimens were prepared which contained preformed, frictional cracks. 
5.3.1. Experimental Model 
The specimens-used' in this investigation were made of plaster'of 
Paris~ into which thin metal-pieces were-embe~ded to simulate frictional 
crackso The d~rnensionsof·the·specimens were 9 in. by 3 in~·by-1/2-in~ 
The metal pieces, which extended· through the thickness of the specimen· 
(i .e., 1/2 ina)~ wereOo004-in~- thick. The length of the metal pieces, 
! 
which simulated the· crack length, 2c, wbs varied. For each parameter under 
study at least three specimens were tested. 
80 
The mix proportions were 0.4:1 water to gypsum by weight. The-
average compressive strength-of eleven control specimens without metal 
pieces was 2310 psi (individual values ranged from 2140 to 2520 psi). 
503020 Casting~ Curing and Specimen Preparation 
The specimens were cast horizontally in batches of four. Three 
specimens were used for-the crackgrowthstudies~ the fourth was either 
used as control or as-a replacement specimen. -After the water and gypsum 
had been thoroughly mixed-by hand, the resulting-fluid mix was poured into 
plastic formso Theform~-were, subsequently, vibrated on a shaking table. 
After vibration, the-surfaces of the specimens were struck off with a metal 
bar. Immediately after-finishing the surfaces of the specimens, thin 
metal pieces were embedded into the soft plaster with the help of a plastic 
guide, which ensured· proper positioning of the·metal pieces. For specimens 
with-single cracks~·the metal pieces were placed at the center of the 
specimen; for tests-with-two-cracks, the midpoint between the metal pieces 
coincided with the center-of the-specimen. 
Hardening of· the-plaster took place in about half an hour, after 
which the forms were-stripped and the specimens allowed to cure for an 
average of four to five-hours. 
Before testing, the ends of the specimens were ground flat using 
carborundum powder. 
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5.3.3~ Testing 
The specimens-were tested in a hydraulic machine with a capacity 
of-60 kips. The specimens were carefully placed between the load platens 
to ensure concentric loadingo Then the load was applied at a rate of approxi-
mately 400 psi/min. Crack· extension was studied on one of the vertical 
surfaces of the specimen-using the same flourescent ink procedure described 
in Chapter 3. At low-loads-it was necessary to spray the ink almost 
continuously in order to-determine the onset of crack extension. Once 
initial crack extension was observed~ the ink was sprayed at .intervals, to 
study the nature of further' crack growth. This procedure was continued 
until the specimen fail~d. 
5.3.4. Study of Single Cracks 
In order to study· interaction between several cracks, it was 
first necessary to investigate the nature of growth of single cracks. The 
variables under study were-the· initial crack· inclination, ¢, and the 
crack length, 2c.Three·crack·inclinations, ¢ = 45°, 30°, 15°, were 
studied. For each crack· orientation, three different crack lengths, 2c = 
0.6, 0.8, 1.0·in. were 3 ·in turn, investigated. 
When the applied load reached a given value, which depended on 
the parameters understudy;·asmall branch crack (branching off the main 
crack) was observed o . For all initial crack incli'nations or crack lengths, 
the orientation of the branch cracks always deviated considerably from 
the original. crack inclination .. The angular difference between the initial 
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branching and the original crack inclination, which has been defined as 
e. , was estimated from failed specimens with the help of an astro-compass 1e 
and a microscope at 20X magnification. Table 5.1 shows the average values 
of 8 ie for the different parameters under study. It is observed in Table 
5.1 that for values of ¢ of 45° and 30°, the values of a varied little with 
the crack length. The average values of a for such initial crack inclina-
tions are lower, but close to the value of -70.5°, which was predicted in 
the analytical work for initial branch extension in the direction of maximum 
tension. For ~ = 15° the average values of aie were found to vary with 
crack length and to be considerably lower than the predicted value of -70.5 0 ; 
When fracture mechanics was applied in the analysis to determine 
the stresses in the vicinity of the crack tip, it was assumed that the 
frictional cracks were flat, i.eo, the crack thickness was zero. If cracks 
of zero thickness could be simulated in the experimental model, it is 
p'ossible that the predicted value of -70.5° would have been obtained. How-
ever, the cracks in the experimental studies were simulated by metal pieces 
of small, but finite thicknesso They, therefore, did not completely con-
form with assumptions made in the analysiso The embedded metal piece may 
behave similar to a thin inclusion which may give rise to local stresses 
at the crack tip. These additional stresses are not taken into account in 
the above analysis. This effect becomes particularly obvious if we consjder 
a model specimen with an embedded metal piece which is oriented at an angle 
of ¢ = 0° with respect to the applied load. Because of the thickness of 
the metal piece, local tensile stress concentrations would form at its 
tips, and if the level of applied load were high enough, crack extension 
in the direction of the load would take place despite the 
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fact that equation (5.7b) would predict no crack propagation. The secondary 
effect of the metal pi'eces: as thin inclusions- is likely to become less 
imp 0 rt ant as the i nit i a 1 . era c kin c 1 ina t ion:, ¢, -inc rea s e s be ca use the shea r 
stresses·increase-consi~erably; thereby-conforming better to the conditions 
of the analytical-model. Therefore, the orientation of branch extension 
observed in the model tests deviates considerably from the predicted value 
of -70 0 5° for the-small -value of¢ = 15°, while good agreement between the 
analysis and theeKperiments was observed for the larger values of 4 = 30° 
and 45°, respective1y~" 
The initiation-of branch cracking did not coincide with collapse 
of the specimen due to-unstable crack growth .. The branch cracks con-
tinued .to grow under- increasing load in a stable-manner. As the cracks 
grew, they continuously· changed in direction, their end orientation pro-
gressively approaching the direction of applied load.' EV-Bntua11y the 
orientation of the tips:of·the branch cracks became parallel to the 
direction of loading and additional extension continued along this direc-
tiono 
For tests where-the:inittal inclination, ¢~ waS either 45° or 
30° several distinct·modes·of-failure were observed. In some tests, the 
branch cracks continued-to-extend in a stable-manner until a given load 
was reached, at which-extension of the branch cracks became unstable. 
The cracksprogressedto:the loaded ends-of the specimen, effectively 
splitting the~specimen into-two separate compression elements. In most 
instances these two-elements failed by out of plane shear or bending, 
at approximately the same load at which s~litting occurred (Fig. 5.B}. 
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This mode of failure-is-referred to as splitting failure. In other tests, 
a second branch crack-formed at failure. Although the initial orientation· 
of these secondary-cracks-was not always-exactly in the direction of the 
initial cracks~ in-the-stages of growth which followed, they usually grew 
approximately in the same-direction as the-initial crack. The cracks 
either continued to-grow in the same direction and broke the system into 
two separate blocks i or-curved towards the direction of loading. This 
branch extension was-always unstable and it was necessary to reduce the 
applied load considerablY'in order to' prevent these cracks from reaching 
the sides of the specimens and causing complete separation of the specimen· 
into two inclined blocksb' Figure 5.9 illu~trates this mode of failure. 
In most cases these'secondarycrackswere initiated after a considerable 
amount of primary branch-cracking had occurred. The fact that the 
secondary cracks tended-to-grow in the direction of the initial crack was 
considered an indication-of shear crack extension .. It is therefore likely 
that· tensile branch-extension·does not relieve sufficiently the stress 
concentrations at the-original crack ttp~ In the following, failure caused 
by secondary crack.-growth· is· referred to as shear failure. 
Sometimes'fajl~re resulted from·a-tombination of the splitting 
and shear modes~ioe.; ,'one'of the primary branch cracks would extend to 
the ends of the specimen-causing partial splitting, while on the other 
side of the crack the-secondary branch crack would break its way to the 
side of the specimen.; Failure was also found to occur by chipping of 
parts at the ends-of~the specimens. This failure, which will be referred 
to as local failure 9 was also observed in control tests and may be 
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attributed to local stress concentrations at the loaded ends of the 
specimenso Since this·type of failure had no relation to the preformed 
cracks in the specimens; only the two prior modes of failure were considered 
as characteristic of the crack growth process for tests with ¢ = 45° and 30°. 
For ¢. = 15°, crack growth was somewhat different from the 
growth observed in the tests with larger values of ¢. Although initial'y 
the branch cracks deviated sharply from the original crack inc1ination~ 
secondary branch cracks,of the type discussed in connection with the other 
tests, followed shortly· afterwards. S~rprisingly, fOr this initial crack 
inclination (¢ = 15°) the secondary branch cracks grew in a stable manner, 
and in most cases aligned themse1ves·with the direction of loading (see 
Fig. 5.10). Although these secondary cracks occasionally caused splitting 
or shear failures, in·most·cases·the mode of failure was local. This 
indicates that for this'crack'orientation, fail~re resulting from crack 
growth would occur· at· very high stresses, c10se·to or even higher than the 
compressive strength of·uncracked specimens; therefore, the propagation 
of the crack may not be· the· primary ca~se of failure. Since this behavior 
was observed in specimens 'with crack lengths of 1.0 in. as well as 0.8 in., 
'jtwasnotconSidered necessary to . perform tests for crack lengths of 0.6 in. 
The loads at initial crack extension, Pie' and at failure, 
Ppu , as well as the modes of failure for the different single crack tests 
are presented in Table 5020 These data indicate that failures related to 
crack growth were more common for the larger crack lengths.' In Table 5.3 
the values of the average stresses at initial crack extension, f. ,are le 
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given for the different-initial 'crack orientations and crack lengths. The 
variations in f. with crack length~ 2c, for the different track orienta-le 
tion are also shown in-Fig~ 50 11. It can be seen that the values of f. le 
decrease with increasing crack length for each of the three initial crack 
orientations. It can also be observed that for a given crack length, the 
average stress at initial crack extension is always the smallest fora 
crack orientation of 30°, The largest values were observed for ~ = 15 0 , 
On the basis of these observations it was possible to estimate the critical 
crack orientation (i~eo, the crack inclination for which crack extension 
occurs -at the smallest· applied load) by plotting the values of f. versus le 
~. - These relationships-areshdwn in Fig. -5.12. The-estimated val~e of-
the critical crack'orientation~ ~max,obtained from these plots was 34°, 
If Eqo 3 0 13, which predicts ~ ,is assumed to be valid, the value of the 
- max 
frictional coefficient~·p~ can-be estimated~ resulting in a value of 
p =0040. Knowing the'frictionalcoefficient~ ~, it is possible to 
determine values of·thestress·intensi~yfactor, KII , at initial crack 
extension from Eq. 5.7~· The estimated KIT values are shown in Table 5.4~ 
The closeness of the-calculated values of- KII seems to indicate that 
KIlie is a material propertyo 
The average stresses at failure, fpu' are shown in Table 5.5. 
In determining these average stresses, tests where premature local failure 
occurred, were not considered. Premature local failures could be observed 
visually and occurred at stresses considerably below the range of failure 
stresses of the uncracked control specimens. These failures were attributed 
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* to poor specimen preparation. It can be observed in Fig. 5.11 that failure 
stresses, similar to' the stresses at initial crack extension, decrease 
with increasing crack length for each of the three crack inclinations. The 
average stresses at failure, unlike the average stresses at initial crack 
extension do not show a-clear trend towards smaller values .at ¢ = 30°. 
In fact~ for each crack length' the values of the failure stresses for different 
crack orientations are-rather similar. 
For specimens which failed as a result of unstable crack growth, 
either by splitting-or-shear; the onset of unstable' crack growth may be 
characterized in terms of' functions of the critical stress intensity 
factors such as expressi0n A.14-given in Appendix A. Unfortunately, the 
complicated geometries'of-the cracks before the-onset of failure makes the 
determination of the: stress intensity factors extremely difficult. It 
might benecessarY'3 for-such complicated geometries, to resort to numeri-
cal procedures, such-as-thefinite~element method,44 to obtain approxi-
mate values of these factors. Such an analysis was not considered within 
the scope of the present investigation. 
5.3. -5. Study of Crack Interacti on 
It was observed in section 5.3.2. that initial crack extension 
in single cracks occurs-in a direction close to the direction predicted 
previously for tensile-crack extension. -It was also found that inclined 
failure surfaces occasionally form in the model due to the extension of 
unstable secondary branch cracks. Yet, the failure stressesas.sociated 
* Note that the specimens-had a height to depth ratio of 18. Therefore, 
it was difficult to load the specimens concentrically and to prepare 
sufficiently even end surfaces. 
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with such failures-were· almost as high as the failure stresses of the con-
trol specimenso This·was particularly true for the smallest crack length 
(2c = 0.6 in.), which-is-more representative of the size of cracks observed-
in concrete test specimens at stages close to failure. It was, therefore, 
thought that if the-formation of inclined failure s~rfaces was to be the 
predominant mode of-failure 9 crack interaction would have to pl~y an 
important part in the-process of crack growth. Therefore, models con-
taining two cracks-were-studied in-order to verify this hypothesis. The 
cracks were either collinear or-arranged in-a step-like fashion as shown 
in-Figo 50 10 A constant-crack length of 0~6 in. was used in all tests. 
In-the following, the results of this study are discussed. 
5.3.S.1Q Collinear Cracks 
Two crack-orientations~ ¢ = 45° and 30°, were investigated; for 
each inclination three crack spacings, 2a = 0.3, 0.6, and 1.2 in. were, 
in turn, studiedo These-crack spacings corresponded to a separation 
between cracks of 1/2~ 1, and 2 crack lengths, respectively. 
The load at initial crack extension was found to vary'with both-
the crack spacing and-the crack-orientation, as shown in Tables 5.6 and 
5 e 7o The orientation-of initial -branch cracking was similar to that· of-
single crackso This is illustrated in Table 5.8 where theaverageinclina-
tions at initial crack extension for the different crack spacings and 
crack orientations are shown. The values of infinite track spacing 
correspond to the results-from single crack tests with a crack length 
equal to 006 in. With the exception of the value of e CO- = ~52~ obtained 1e 
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for a crack spacing of·l.2in. and ¢ = 30°, the inclinations of initial 
crack extension are close to the valu~of e = -70.5°, predicted for single 
crackso 
As would be expected from the analytical results, in a majority 
of the tests, initial branch extension occurred at the· interior crack tips, 
i.e., the closest·crack tips of the neighboring cracks. However, in some 
tests, the exterior'extensions occurred'first~ In any case, there was 
usually only a small ·eifference in· the loads at which the four branch 
cracks formed. It must· be realized that the difference in stress intensity 
for the interior and· exterior· crack tips as predicted from the analysis 
are only large for very· small crack spacings (refer to'Fi'g~ 5.6) and, 
therefore, for spacings·used in this· investigation, the difference in 
applied stresses required to cause interior and exterior branch cracks 
may be too small to be· detected. 
As in the case of· single cracks, the branch cracks continued to 
increase with increasing load·and to·deviateprogressively·into the direc-
tion ·of loadingc -In the majority of the tests when a given' load was 
reached, which was different· for the different combinations of parameters,-
the two-cracks were·joined abruptly by a shear· branch crack which had the 
general orientation-of· the collinear cracks. Figure 5.13 shows a failed 
specimen after center joining occurred. Joining was more frequent for 
~ = 45°, than for ¢·=·300o - It was also observed that -in all tests with a 
crack spacing of Oo3·ino~ joining occurred. For a crack spacing of 0.6 in., 
joining became evident-in-five out of six tests; Joining was less frequent 
for crack spacing-of'l .2·in., yet it was observed in three out of six 
tests. The larger the crack spacing, the more irregular the branch cracks 
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which joined the two cracks. The primary branch cracks in the interior crack 
tips did not grow further-after center joining occurred. The primary branch 
cracks in the exterior, on the other hand, were observed to grow in length 
considerably, immediately after the cracks joined, at times causing splitting. 
In specimens where-an-inclined failure surface formed, in addition to 
exterior primary branch- extension, secondary (shear) branch cracks formed 
at the exteriorcrack'-tips immediately after center joining. These two 
observations, combined'with the fact-that the load at center joining was 
always close to the-failure-load, indicate that,-in the model, center 
joining-leads to unstable-crack growth and,consequently, to immediate 
failure in the case of-collinear cracks. This is understandable since 
after the cracks j0in-the crack_ system tends to behave like a large, nearly 
straight, single crack, -which ~hen combined with the high applied stress, 
is likely to cause-immediate failure. 
Table 5 0 6 shows the loads at initial crack extension, Pie' and 
the failure loads. P - for-the individual-tests The table also indi-
a pu~ - . 
cates whether center joining took-place, and describes the observed mode 
of fail~reo The average-stresses-at initial crack extension, fie' for-the 
different combinations-of-P?rameters are shown in Table 5~7. 'There-is 
some indication that fie-increases-with crack spacing, but the tendency 
is not as marked as for-variati0ns in crack length for the single-cracks;-
The only marked deviation-from-this·trend is the value of 1778 psi, obtained 
for ¢ = 45° and 2a =-O.6-in. It is also observed that the va1ues of fie 
for ¢ = 30° are in all cases-smaller than the corresponding values for 
¢ = 45°, as in the case of single cracks. 
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Estimates-Qf·the-stress intensity factors at crack initiation, 
Kllie , were computed using the relationships between KII(N)/KII(single) 
and the relative crack-spacing given in Fig. 5~6, Eq. 5.7 and assuming "llil 
to be equal to 0040, as in the' case of single cracks. The computed values 
of KII are shown in Table 5.9. With the exception of the value for ~ = 45° 
ana --'- 2a = 0.6 in':J'all-computedvalues for KIlie are well within the 
range of values'obtained from·tests on single cracks. These results 
further substanciate the- proposition that KtIie'is a materials i propertS'. 
The average-stresses-at failure, fpu' are shown in Table 5.10. 
Specimens in which premature local fai:lures-occurred were not considered. 
It is significa~tto-note that-the failure stresses of specimens with 
two cracks are considerably lower than the'corresponding values for 
specimens wi th s i ngl e· cracks~ -The di fference i~s so pronounced tha t even 
for the largest crack'spacing-(2a = 1.2 in.)-the failure stresses are 
about equal to those of-specimens with single-cracks of a crack length 
of 1.0 in. Thus, in' the case of-collinear cracks' the failure loads are 
significantly reduced'as-a-result-of-crack interaction. The importance 
of these observatiQns-is,that~'whereas for small single cracks-the 
failure loads resulting-from crack extension were uf the same order of 
magnitude as the failure,loads'for control specimens without cracks, 
this is no longer true· when two-collinear cracks interact. Thus, the 
failure modes resulting from crack extension become predominant. 
5.3.5.2. Cracks Arranged in Step-Like Fashion 
Two different normal distances between the crack planes, h = 
003:J0.6 ino, were investigated ("h" is defined in Fig. 5.1); for each 
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value of lih~8 three different-overlaps between cracks, 0.0, -0.3, -0~6in.­
were studied o The overlap between cracks is defined-as the horizontal 
distance between the interior tips of the two-cracks; it is considered posi-
tive if a vertical projection of the interior crack tfp of one crack inter-
cepts the other crack. Only one initial crack orientation, ¢ = 30°, was 
studied. 
Table 5u 11 shows- the average orientations of initial branch 
extensiono For comparison~-the orientations for collinear cracks are in-
cluded in the same-table-and-correspond to the values-given for h =-0 
(note: for ¢ = 30° an'overlapof ~0.3-in .. corresponds to a crack spacing, 
2a, of 0.6 in.~ while an overlap of -0.6 in. corresponds to a crack 
spacing of 102 in.). -As-for single and collinear cracks the values of 
ei~ are,in most cases;smaller-than the predicted angle of ~70.5° for 
crack extension of a'single'crack along the direction of maximum radial 
tension. There was i however i considerable scatter of the individual 
test _ resul ts 0 -
Similar to the specimens discussed previously, branch cracks 
continued to increase in-length under increasing load. As they grew they 
bend towards the direction of load in g.- Although joining of cracks in 
the interior was not as frequent as for collinear cracks, it was observed 
ion the majority of the tests. This was particularly true for tests with 
OoO~ and 0.3 in. overlap-betwe~n crackso In most cases center joining 
occurred in the following way: one of the-two-interior tensile~branch 
cracks would grow faster-than the-other; once it came close to the 
original tip of the neighboring crack it bent suddenly and joined with the 
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other crack.- This is-illustrated in Figo 5014. There it can be observed 
that the predominantly-vertical crack bends abruptly and joins the other 
crack at an angle close to the original crack orientation,~. In one test, 
the cracks were joined-by a secondary diagonal branch crack which formed 
suddenly. Center joining, in all cases, was almost immediately accom-
panied by considerable-extension of the exterior primary branch cracks, 
\A/hich in some cases-led-to:splitting; In cases where-a shear type failure 
occurred, exterior secondary (shear) branch cracks-were also formed wnich 
extended rapidly to-the sides-of the-specimens~ Some of the shear branch 
cracks bent-sharply towards-the loading direction and caused splitting. 
Splitting was far-more-common·than in sihgle and collinear-crack tests. 
This was perhaps-due·to·the intricate geometry of the crack after center 
joining, which might·have--favored failure by splitting over shear failure. 
Specimens in-which center joining did not develop failed either 
locally, by shear or-bY'splitting, whereby each crack-seemed to propagate 
independently~ These-failures were-common for l'h" values of 0.6 in. 
Table 5.l2-shows·the significant data of the individual tests. 
In Table 5.13 the average' stresses at initial crack extension, fie' are 
summarized. Forvalues-of·h = 0 (collinear) and 0.6 in., the values for 
fie increase with increasing negative overlap. -For h = 0.3 in., the 
average'stress at initial crack extension is larger for 0.0 overlap than 
for the other-valuEs-of overlap~ Furthermore, the values of fo for h = 
- le 
00 3 ina -are usually·larger than for other values of "h". This behavior 
seems to indicate-that·when the-crack tips-are-very-close, in step-like 
crack patterns, the stress fields at the crack tip might be reduced as a 
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result of crackinteraction~ Such a behavior is contrary to what would 
normally be expected (section 5.2:3,3,). 
The average· failure stresses are shown in Table 5.14. The highest 
failure stresses were· obtained for h = 0.3 in. The failure stresses are 
also higher than for specimens with collinear cracks. This is not un-
reasonable since for·step-like·cracks~ center joining resulted mainly from 
the growth of a stable· tensile branch crack, contrary to the case of co-
llinear cracks i where· center joining was the result-of unstable· branch 
growth. The observation' that the failure stresses are higher for h = 0.3 in. 
than they are for h·: O~6·in. again implies that· for very close distances· 
between the crack tips~ a reduction of the stress intensities may occur. 
It· is of interest to-note that for the-largest· normal separation between 
cracks (h~ Oo6·in~L!-.the-average failure stresses wer'e 'in all cases 
smaller than for a single crack 0.6 in. long. 
5 <1 4. Summary and Conel us, ons 
Progressive cracking is considered the major cause of failure of 
concrete. Therefore,-a mode1study has been conducted in which the 
behavior of isolated· cracks under compressive load was studied. It was 
hoped that such a study'would'yield a more basic understanding of the 
role of cracks in th~'meehanics of failure of concrete. 
Cotterell Ds-crack·extension criterion 48 was used to determine 
whether· initial crack-extension of inclined· cracks in a compressive stress 
field-occursin·the direction of maximum ra¢ial shear or in the radial 
direction which is normal to the maximum tensile stress. It was found 
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both are potential directions of crack extension. The critical crack 
inclination, i.ei~-the crack direction at which crack extens{on occurs at 
the lowest applied-lead,-was determined and found to depend on the fric-
tionalcoeffic~ent, p;- It was' also found that if cracks are oriented with 
respect to the load axis at angles equal to or· greater than a given value, 
which again·depenas·on·~, they·will not propagate under load. It was 
shown· thatinteraction·of·collinear or parallel cracks increases the stress 
intensity at the crack,tip~ 
The experimental -model -study showed that initial crack extension 
of single cracks,-in most-cases,takes place at radial directions close 
to the direction of-maximum-tension predicted by the analysis. This is 
particularly true for-the-larger crack orientations (¢ = 45°, 30°). It 
was found that these branch cracks gradually increase in length under-"in-
creasing load (ioe. ~ stable· crack extension) and that they progressively 
turn towards the direction-of the applied load~ 
Fdr the larger-crack orientations- (¢ =-4~o, 30°), in single 
crack tests, twodistinct-modes'of'failure related·to crack extension were 
observed: (1) splitting-failure, and (2) shear·failure. The former is 
characterized by unstable-growth of the-tensile· branch· cracks; the latter 
is-caused by the·formation-of an unstable-shear crack at·the tip of the 
initial cracko' Shear'crack-propagation always occurs at stresses con-
siderably larger·than·those-which-arenecessary to initiate tensile branch 
crackingo The two-moaes·of-failure described above were rarely observed 
for crack orientations·of-15°. For the smaller cracks (2c = 0.6 in.), 
whith are more representative of the cracks observed in doncrete at stages 
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close to failure, the failure loads, if related to crack extension, are about 
as high as those of uncracked control specimens. 
Tests were· conducted on models which contained two cracks in order 
to investigate the effect of crack interaction on crack extension and failure. 
It was found that~initially, the cracks behave similar to single cracks. 
Neve'rthel ess ~ at· later stages, in the majority of tests, the cracks were 
found to coalesce o Both-shear and splitting failures were again observed; 
however, failure occurred at significantly lower loads than for the cor-
responding single crack·testso One exception to such a behavior was 
observed for closely spaced step-like cracks. 
Based upon these-observations, it can now be concluded that 
inclined failure surfaces may result even from shear crack extension of 
single cracks, but that in'such cases~ failure occurs at high stresses. 
On the other hand, inclined failu"resurfacesmay also result from crack 
interaction l in whrtch case the failure stresses are reduced considerably. 
For systems with multiple'cracks,'such as concrete, these inclined 
failure surfaces may be·eaused either by shear crack extension, in much 
the same way as observed-in'the "two=crack" models or in step-like manner 
by progressive coalescence'ofcracks'arranged in step~like patterns. 
It has been shown in this-study·that in' the latter case it is not-necessary 
that there be a positive-everlap between cracks as had been previously 
stated by Bombolakis. 42 
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6. APPLICATION OF MODEL STUDIES TO THE CRACK PROPAGATION AND 
FAILURE OF CONCRETE LOADED IN COMPRESSION 
The model study of Chapter 5 investigated the behavior under 
load, of a compression field containing isolated cracks, with the objec-
tive of explaining crack propagation in concrete and, more important, 
to identify the mechanism by which such propagation leads to the for-
mation of inclined surfaces at failure. On the basis of this study it 
is now possibie to characterize such processes more closely and to check 
the validity of the fail~re model proposed in Chapter 4. However, before 
such a characterization· is made, it is necessary to discuss briefly the 
limitations of the model 0 
6010 Differences between Experimental and Analytical Models and 
Concrete 
As stated in Chapter 2, concrete is composed essentially of a 
mortar matrix and coarse aggregates. The matrix may be considered 
"homogeneous" at the macroscopic level, although in reality it contains 
a considerable number of· randomly distributed small flaws. 
Coarse aggregates are largely responsible for the behavior of 
concrete under load o The aggregate-mortar interfaces are, because of 
their weakness, the major source f6r the formation of ·cracks, both under 
load independent volume' changes as well as under applied load. It has 
been noted also in Chapter.3 that interfaces offer a preferred trajectory 
. for further extension of·cracks which have already 'progressed into the 
mortar. This again is a consequence of the weakness of the interfaces. 
In addition~ aggregates serve as crack arresters,33,35 i.e., if a crack, 
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which is propagating rapidly through the mortar matrix, encounters an 
aggregate in its trajectorY$ it must either break through the aggregate 
or go around its interfacea In the former case the energy requirement 
for crack extension is· suddenly increased because of the increased tough-
ness of most aggregates~ in the later case the total energy requirement 
is increased because of an increase in the distance that the crack must 
traverse in order to circumvent the aggregate. 
The voids in the matrix are, yet another source for the forma-
tion of cracks u When·void cracks form under load, they in most cases 
extend radially in the· direction of the applied load. These radial void 
cracks are believed·to be responsible for the failure of cement paste. 
They are~ however~ of-secondary importance for the failure of concrete, 
as will be discussed in section 6.4. 
In the model -study~ the behavior under load of a homogeneous 
body with simple patterns-of straight fricti-onal cracks was investigated. 
The homogeneous system-was supposed to represent the mortar matrix; the 
frictional cracks represented interfacial cracks about to extend into 
the mortar. Thus i the model-is much less complex than an actual concrete 
system~ however~ the simplication of the model was necessary to make 
this study tractableo 
The frictional-cracks-of the model study were always straight~­
although in reality the shape"of-the interface cracks is as varied as the 
surfaces of the different-coarse aggregates. The use of str~ight cracks 
simplifies greatly the-interpretation of the results and, furthermore, 
analytical solutions for such problems are already available. 
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More important, it is-likely that the behavior of nonlinear cracks should 
not differ too much from-the-behavior of straight cracks. This is evidenced 
by the fact that, just-as-in the tests on concrete specimens, cracks in the 
model were found to become progressively aligned with the direction of 
applied load as they extended under increasing load. 
The effect of-aggregates on the behavior of concrete has been 
partially taken into account, i.e. ~ frictional cracks have been made to 
simulate the interface cracks which result from applied load. Nevertheless, 
the possible presence of-other uncracked interfaces has not been considered, 
nor the ~rresting action which results from the presence of aggregates in 
the concrete systemo -Fortunately, the effect of such factors can be pre-
dicted qualitatively. -For example, uncracked- interfaces will aid the 
growth of both stable-and unstable cracks. When growing cracks approach 
an uncracked interface-they will divert their trajectory slightly in order 
to grow along the weaker-interface- rather than through mortar. The arresting 
action of the aggregates;-on the other hand, will cause periodic slowdowns 
in the extension of fast-growing cracks. 
The most crucial -difference between the model and concrete lies 
in number an~ arrangement-of cracks. In the experimental model, the 
study was limited to single cracks and pairs of cracks, while in concrete, 
the number of cracksislargeo Furthermore, the cracks in concrete are 
of different size and~orientation and are randomly spaced. The problem 
would be simplified considerably if cracks in concrete were far apart. In 
such a case the extension of each individual crack would be similar to 
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that of single cracks-in-the model, but except at low loads this is not 
true for concrete~ -In most cases, the presence of a large number of cracks 
will lead to higher stress intensities at the tips of individual cracks 
compared to the case-of a single crack (see section 5.2.3.), Crack exten-
sion in such a system-of-tracks of different sizes and orientations is 
likely to be progressive; At any stage, crack propagation will be 
governed primarily by-the interaction of the most critical pair of cracks 
in the systemo The most-critical crack pair in the system will be that _ 
which, because of the-individual crack sizes and the relative position of 
the individual cracks with respect to one another, will lead to coalescence 
of the two cracks at-the-lowest applied- load. The model studies can be 
helpful in identifying critical pairs of-cracks in concrete •. ~ But- the 
models, it must be realized,are considerably less intricate than a real 
concrete sys tem 0 
Final1y~ the fracture characteristics of the model material 
are different from those,of cement paste, mortar or concrete. They are, 
however, sufficiently similar to allow a qualitative comparison. 
Nevertheless~ these same-differences make it difficult to compare 
directly the crack parameters determined in the model studies, with the 
crack parameters observed in-the concrete specimens. 
Despite the differences between the model and concrete, the 
model studies nevertheless confirm-to a large extent the failure model 
given in Chapter 4 and-are very valuable in explaining qualitatively the 
crack extension process in concreteo 
101 
6020 Short=Time Behavior of Concrete 
Tests in models have shown that interaction between inclined 
cracks frequently leads to the formation of inclined failure surfaces. 
Unfortunately, the raAdom distribution of sizes and spacings of cracks 
in the concrete system· does not permit a direct comparison between the 
behavior of the model and that of concrete. Nevertheless, it is believed 
that the behavior of· the· two is qualitatively similar. To perform a 
comparison between·the model and concrete it would be necessary to per-
form a statistical analysis~ where the variations in crack spacings 
and crack sizes would be taken into account. This analysis, although 
desirable, was not·considered in this research work. However, it is 
hoped that such a study·will·be pursued in the future. 
It is, nevertheless~ possible to provide reasonable explana-
tions for a few questions, which still remain unanswered, on the basis 
of the .behavior of the model. These questions are: How can the 
mate strength ' in a short=time test be defined on the basis of the 
fracture model? Why are' failure surfaces only observed in some but not 
in all short-time tests? What is the meaning of the unloading portion 
of thestress=strain·curve? The proposed explanations to such questions 
will be discussed in the followingo 
It has been noted in Chapter 3 that interface cracks form 
progressively under increasing load. When· a given stress level is 
reached, cracks with inclinations close to the critical crack orientation 
will start to propagate into the mortar. Cracks with other inclinations 
wi 11 fo 11 ow when the load is increased fur'ther 0 The stress at whi ch and 
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the mode by which a given crack extends into the mortar will be determined 
by the closeness of other cracks. If cracks are initially far apart, the 
crack will extend in a manner similar to that of single cracks in the model, 
i.e.~ a branch will form which will progress towards the direction of the 
applied load o If cracks are initially close or if, as a result of branch 
extension, they come close together, they will most likely coalesce as 
a result of the effect of crack interaction on the stress fields at the 
crack tip, leading to' temporary unstable crack growth. Since cracks are 
initially smalli,the'joining of cracks will- give rise to a larger crack 
which is stable unless interaction with another crack closeby causes a 
substantial inarease·in the crack tip stresses so as to favor further 
crack joining. The formation of larger, subcritical cracks as a result of 
crack interaction and· subsequent joining will become more pronounced as 
the applied load is increased. Eventually, the joining of two cracks 
causes the formation of'a critical crack, which may give rise to spontaneous 
branch extension from-its tips. Such extension may occur first in the 
direction of the applied load, shortly afterwards, in the direction of 
maximum radial shearo The stress at which a critical crack of this 
nature forms corresponds to the ultimate strength of concrete, 'f . 
cu 
It is conceivable that more than one crack is formed at the moment a 
stress equal to feu is reached. However, for the sake of clarity, only 
one critical crack will 'be considered in the following. An inclined failure 
surface would always· result if the stress, fcu' were maintained long 
enougho The reason that-some time under constant, maximum load is required 
before a failure surface is-formed may be found in the crack arresting 
action of aggregates which may be sufficient to momentarily slow down crack 
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growtho If the load is reduced immediately after the ultimate load has been 
reached, as is -normally done in most concrete testing, the speed of spon-
taneous crack extension may be slowed down. In order to check crack growth 
completely the load would have to be removed instantly. Normally, however, 
the load is reduced at a-slower rate~ thereby causing a slower, but con-
tinued extension of-branch cracks and, consequently, increased deformation. 
This explains why, in-the studies of surface crack growth for short-time 
tests, an increase in the-total crack length in the descending portion of 
the stress=strain curve was observed. Such crack growth often leads to 
the formation of large~ wide cracks which occasionally break through aggre-
gateso If the load-is-not reduced at a sufficiently fast rate, an in-
clined failure surface·will form which causes the immediate collapse of 
the systemo Failure'surface formation will occur. either by coalescence 
of the branch extensions of the first critical crack,with other cracks 
in the system causing accelerated crack extension, or by independent 
accelerated branch extension of the original critical crack. 
In summary~ in a'short-time test an inclined failure surface 
can form at any stage beyond-the ultimate strength. It may be avoided 
if by controlling the strain-rate, unstable extension of branch cracks 
is preventedo This is comparatively simple to do in the testing of low 
strength concreteo It-becomes more difficult for high strength concrete 
because of the large amount·of strain energy stored in the testing machine. 
Thus, the descending part-or the stress=strain diagram corresponds to a 
continuous sequence of-limit-states and gives the stress which would cause 
unstable branch extension and failure surface formation for a given extent 
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of crackingo The larger the strain or the extent of cracking, the lower 
the stress which can cause unstable growth of the branch cracks. 
603 0 Effect of Time on the Mechanics of Crack Formation and Crack 
Extension in Concrete 
The failure of concrete under high sustained or cyclic loads 
is in many respects similar to the failure in short-time tests. The 
differences lie mainly in,the mechanisms by which cracks form and extend 
under such loading histories. 
It has been mentioned in Chapter 3 that for sustained and 
cyclic tests at a stress level of 0095 f cup ' a considerable part of 
total cracking at failure·is brought about by the short-time applica-
tion of the maximum'loado In such cases, the extent of cracking at 
failure does not differ-substantially from the extent of cracking 
which results from short-time application of the ultimate strength, 
fcup' It has been observed also that at these high stress levels, 
failure occurs within'a'relatively short period of time which indicates 
the dominant influence of, the initial load applicationo 
On the other'hand1) for cyclic and sustained load tests at 
a stress level of 0085 f cup ' the cracking which results from the 
initial load application is only a small percentage of the total cracking 
at failure, which, in turn, is considerably larger than cracking at the 
ultimate stress i f cup ' in a short-time test. Failure in these tests 
takes place after a considerable time under load. Therefore, time-
dependent mechqnisms of crack formation and extension must be more 
significant. It is particularly worth noticing, that the extent of 
105 
cracking at failure under time-dependent load histories at a maximum stress 
level of 0 0 85 fcup is considerably larger than the extent of cracking in a 
short-time test in which a specimen has been strained beyond the ultimate 
strength to a stress level of 0085 fcup into the descending portion of the 
stress-strain diagram. Thus, it is likely that the extent of cracking which 
is critical for a given maximum stress level, ioe., cracking which causes 
unstable crack growth, is time-dependent and increases with increasing time 
under load. 
Research on the mechanisms by which cracks form and extend under 
time-dependent load histories is still infue initial stages, even for metals. 
It is true that the nature of crack formation at the grain level for crystalline 
materials is well understood, however, the same is not true for the mechanisms 
of crack extension o It is even more difficult to incorporate time-dependent 
behavior in·the stress analysis of cracked systems 0 In view of these limita-
tions, it is necessary to 'limit the present discussion of the probable time-
dependent mechanisms of crack formation and extension in concrete to a qua-
litative discussion o For convenience, these mechanisms will be separated into 
sustained and cyclic mechanismso 
It is known that cement paste undergoes considerable creep defor-
mations under a sustained stress. Such deformations have been attributed 
either to volume changes which take place at the level of the gel particles, 
or to continued microcracking under load. It is also known that concrete 
creeps less than cement paste and that the am9unt of creep is inversely 
proportional to the relative amount and stiffness of the aggregates. 
Therefore, it is clear that the aggregates restrain creep deformationso 
Restraint, however, is time-dependent and may cause 
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a continued redistribution of local stresses, where the aggregates take 
an increasing share of the applied load. Since the interface between mortar 
and aggregate is weak, it is likely that such a stress redistribution 
might cause new interface crack formation. It is also possible that the 
creep deformations might· increment the relative movement between existing 
crack surfaces leading·to increased crack tip stresses and, consequently, 
to further extension of'cracksa 
Another mechanism which may be of considerable importance in 
sustained load tests is stress corrosion. It has been proposed1 3 ,SS 
that the presence of'water combined with a high sustained stress causes 
a reduction of cohesive strength of cement paste and accelerates crack 
growth. 
Paris 56 has proposed that crack extension and failure of metals 
subjected to cyclic loading can be interpreted in terms of the damage 
caused by the continued formation of plastic zones. He explained that 
when the maximum load of·a cyclic test is applied for the first time, 
a zone of plastic deformations is generated at crack tips. Reduction 
of the load to a minimum level causes the formation of a new plastic 
zone, because to the system the load reduction is equivalent to the 
application of a load of opposite direction which is equal in magnitude 
to the range of the·cyclic testa This process is repeated in each cycle 
resulting in continued· formation of plastic zones and, consequently, 
damage to the material. 
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Concrete-may-not deform plastically at the crack tip to any large 
extent~ but instead-a-region of microcracking may form. This region con-
sists of isolated. minute cracks which surround the tip of the main crack 
and which result from the stress concentrations at the crack tip. Since 
the formation of these minute cracks is an irreversible process, just as 
plastic deformationsithey too represent damage. Therefore, similar to 
the mechanism proposed by Paris 56 for metals, zones of microcracking 
may form around the tips of the cracks in concrete during loading as well 
as during unloadingo Thus~ continued cycling of the load causes a 
deterioration of the region close to the tip of the cracks, effectively 
weakening the resistance of such a region to crack extension. The 
development of a zone~of microcracks at the crack-tip has not been observed 
in this investigation-.- -Extensive branching and development of several 
propagating cracks from-a-major crack in a tension field under short-
time loading however~ has, been observed by Moavenzadeh. 57 
If the maximum-stress of a repeated load test is higher than 
the sustained strength-of-concrete, i .e~, the stress which concrete can 
resist over an indefinitely'long period of time (which is estimated some-
where between 0.75 and- 0~85-f~u) part of the damage which-results from 
each cycle is similar to damage caused by sustained loadso Therefore, 
in such cases the mechanisms discussed in connection with sustained load 
tests are also applicable to the behavior of concrete under cyclic 
stresses i although to a lesser degree. 
It must be mentioned that the formation of a zone of micro-
cracking near the tips of a main crack, in addition to causing a deteriora-
tion of this zone, may relie~e the high stress concentrations which would 
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otherwise develop at the crack tip. Thus, while deterioration may enhance 
crack extension, it may also relieve stress concentrations; thus reducing 
the motivating force for crack extension. Therefore, extension will result 
only if the effect of deterioration is dominant. 
As has been mentioned earlier in this section, the extent of 
cracking at failure for time-dependent load histories at a maximum stress 
level of 0.85 fcup is considerably larger than the extent of cracking in 
a short=time test in-which a specimen has been strained beyond the ultimate 
strength to the same-stress level. This observation invalidated extent of 
cracking as a unique failure criterion. Which mechanisms may lead to 
this behavior? 
In a short-time test~ the specimen is loaded to the ultimate 
strength, feu" In so doing~ a critical crack forms, which eventually 
would cause the formation of an inclined failure surface unless the applied 
load is reduced. Thereafter, the specimen may pass through a series of 
stages of semi-stable growth of the critical crack if the load is reduced 
progressively, thereby- preventing the formation-of the inclined failure 
surfaces. Therefore,- most of the crack growth which takes place during 
the unloading portion of a-short~time-test is related to the extension of 
the crack which was critical when-the ultimate load was reached. This 
crack will continue to be-critical -unless the load is reduced continuously. 
Since the increase in the extent of cracking in the unloading portion 
of a short-time test is related mainly to the extension of one critical 
crack, this increase in cracking is not expected to be very large. 
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For specimens subjected to time=dependent load histories, it is 
necessary that the time=dependent mechanisms of crack formation and crack 
extension discussed previously be activated in order to bring about a pro-
gressive increase in the extent of cracking. The maximum stress level in 
tests with time-dependent load histories is considerably lower than the 
ultimate strength of concreteo Since the critical crack length increases 
with decreasing stress, a longer crack has to be developed to fail the 
specimen in a time=dependent test compared to that required for failure 
surface formation at f~u in a short-time test. The development of a 
long crack in a time=dependent test may require considerable crack inter-
action which is possible only if a large number of cracks exists. 
Therefore, the extent of cracking in a time=dependent test is bound to 
be larger than at the ultimate strength, fcu' in a short-time test. It 
is also larger than- cracking in a short-time test in which the specimen 
has been strained beyond,the ultimate strength to a stress equal to the 
maximum stress of the- time-dependent test. The limited crack propagation 
which occurs in a short-time test when the specimen is strained beyond 
feu as described- above'accounts for this difference. 
Another possible explanation for such a behavior can be given 
in terms of the zones of mierocracking at the crack tipso If it: is assumed that 
the extent of the m1crocracking zone is dependent on the time under load, 
it could be argued that in a short-time test the size of the micro-
cracking zones associated with the main cracks would be smaller than 
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the microcracking zones which form under time dependent load histories. 
Since microcracking zones relieve the otherwise high stress concen-
trations at the crack tip, larger cracks would have to be formed in 
time dependent load tests than in short time tests before unstable 
crack extension couldoccurc Such a mechanism would be valid if it 
can be proven that KIIc for concrete is time dependent. 
6040 The Failure of Cement Paste 
It was explained in section 3.5.5. that the failure of cement 
paste under uniaxial compressive stresses takes place by a progressive 
spalling of thin vertical sheets of the material. This occurs even if 
the cement paste specimens are tested using stiff bearing platens. It 
may be asked why the- fa-,l \:.lre mode of cement paste di ffers from the 
failure mode of concrete as described in the previous sections. 
Neat cement paste contains no aggregates. Thus, the voids in 
cement paste are the major source for crack formation. Cracks which form 
at voids under compressive load tend to be predominantly oriented in the 
direction of load application, as has been observed in section 3.5.2. 
Zaitsev 37 has formulated an analytical model which explains how collinear 
void cracks oriented in the direction of applied load interact leading 
to a progressive joining of the cracks and creating a larger crack. The 
fact that Zaitsev restricted his analysis of void crack interaction to 
collinear cracks does not appear to be a serious limitation, since it 
was observed in section 3.5020 that void cracks seem to join only when 
they are nearly collinear. It is not hard to conceive that the joining 
111 
of collinear cracks will eventually cause a few vertical cracks to traverse 
through the entire specimen, leading to a rather brittle failure. This is 
evidenced by the fact that the descending portion of the stress-strain dia~ 
gram for cement paste rarely has been observed. 
In concrete, the presence of voids does not appear to have a 
major influence on crack propagation, except on the surface, where no 
aggregates are present (see section 3.5~5.). Thus, a comparison of the 
failure modes of concrete and cement paste underlines the importance of 
aggregates on the nature of crack propagation. First of all, aggregates 
act as crack arresters because of their larger fracture toughness. They 
delay rapid crack growth and failure surface formation, thus allowing a 
concrete specimen to be strained beyond its ultimate strength. More': 
important is the effect of the inclination of the aggregate-mortar inter-
faces in the manner·of crack growth. It has been said in Chapter 3 that 
interface cracks are·the most common in concrete. Furthermore, the in-
tact interfaces serve as preferred trajectories for cracks which are 
propagating in mortar~' Since aggregates are so numerous and since their 
interfaces are usually inclined to the applied load it is unlikely that 
vertical splitting will occur in concrete as it does in cement paste. 
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70 RECOMMENDATIONS FOR FUTURE RESEARCH 
The following recommendations are considered logical extensions 
of thi s work: 
(1) A statistical study of the data obtained from studies 
of surface crack growth should be performed. The 
distributions of crack sizes, crack spacings and crack 
orientations at different stages of loading and under 
the different loading histories should be investigated. 
On the-basis of the obtained information, more realistic 
experimental model stud; es, \Vhi ch _.~re: ,mpfe __ 
representative of the crack systems observed in concrete, 
could be made o These proposed model studies would 
undoubtedly yield a crack extension behavior which 
would be more characteristic fbr concreteo 
(2) The ana)ytical model used in this investigation has 
limited ~pp11cation because only the behavior of 
straight cracks can be studied. Nevertheless, it has 
been shown-that-considerable, nonlinear branch·exten--
sion or crack-joining can take place before unstable 
crack growth-occurSa Furthermore, in most instances, 
the cracks-in concrete are not straight. The use of 
a finite element model would make it possible to study 
the nature-ofcthe-stresses at the tips of cracks 
with more complicated geometries. It would also be 
desirabJe to combine such studies with the experimental~ 
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determination of the mode II fracture ~oughness,-Kllc' 
for cementpaste~ mortar, and the aggregate-mortar 
interface. On the basis of such a study it would 
be possible to determine more accurately the con-
ditions for unstable crack extension of nonlin~ar 
cracks which may for instance be formed by joining 
of two initially straight cracks. 
(3)- The-experimental model studies should be extended to 
cyclic-and sustained load tests so that the pro-
cess of crack extension under those load histories 
can be studied in more detail. In connection with 
this work it would be of interest to determine if 
KITe is time dependento 
(4) Experimental and analytical model studies for multi-
axial stress states should be conducted so that 
eventually it will be possible to formulate a unified 
conceptual model that will explain failure of 
concrete under all possible stress states. 
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80 SUMMARY AND CONCLUSIONS 
8.l. Summary of Work 
The primary objectives of this investigation were to study the 
nature of progressive crack growth in plain concrete under different 
compressive load histories and to formulate a conceptual model that 
would describe crack extension at a given stress, as well as the manner 
in which ultimate failure of concrete takes place. 
80 101 " Experimental Study of the Natuf'e of Crack Growth in Concrete 
Compressive tests were performed on concrete prisms 4 in. by 
4 in. by 12 inc to investigate the effect of (1) the load history, (2) 
the maximum stress level and (3) the surface condition of the prisms on 
the nature of crack growth at various stages of loading. 
8.1020 Model Study 
Because of the complexity of concrete,only rather qualitative 
conclusions about the propagation of cracks in concrete under load could 
be drawn from the experimental studies. Therefore, an analytical and 
an ~xperimental model study were conducted in which the behavior of 
isolated cracks under compressive loads was studied, in order to obtain 
more information on the process of crack extension and on the role of 
cracks in the mechanics of failure of concrete o 
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802. Conclusions 
Based on the observation of crack propagation in concrete specimens 
as well as on the model studies, the following conclusions concerning the 
behavior of plain concrete under compressive load histories can be drawn: 
(1) The load independent cracking in plain concrete has 
random orientation and is concentrated mainly 
around voids and aggregate-mortar interfaces, although 
in a few cases aggregate cracking has been observed. 
(2) Cracking which occurs at stresses of less than 
85 percent of the ultimate is concentrated at 
aggregate=mortar interfaces and voids. Interface 
cracks are usually inclined with respect to the 
applied load, in most cases at angles less than 
45°·from the direction of loading. Void cracks, 
ieee, cracks passing through voids, were observed 
mainly on the surface of concrete specimens as cast. 
They tend to be oriented at angles close to the 
loading direction. As the load is increased 
further, interface cracks extend into the mortar. 
Their orientation approaches more closely the 
loading direction. A similar behavior was observed 
in the model studies, where initially inclined 
cracks extended into directions close to the 
direction of loading. 
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(3) Short-time application of 85 percent of the ultimate 
strength results in a small increase in cracking 
compared to the extent of cracking at zero load; this 
increase is mostly limited to interface cracking. 
On the other hand, if the stress is increased to 
95 percent of the ultimate strength, the increase 
in cracking is significant and the cracks are no 
longer limited to the interface, but start to grow 
into the mortaro 
The cracks which develop while increasing the 
stress level from zero to 0.95 fcup represent a 
considerable portion of the cracking at failure 
under cyclic or sustained loads at a maximum stress 
of 0095 fcup. For cyclic or sustained load tests 
at a stress level of 85 percent of the ultimate 
strength, the initial cracking at maximum load is 
only a small portion of the cracking at failure. 
In such tests, time dependent mechanisms of crack 
formation and extension, such as the ones dis-
cussed in Chapter 6, playa major role in the pro-
gressive deterioration and ultimate failure of 
the material 0 
(4) In tests on plain concrete specimens it was noted 
that large, wide cracks invariably form in the 
descending portion of short-time tests, as well as 
at stages close to failure in ~yclic or sustained 
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load testso The model studies indicate that such cracks are 
the:re~Ult of'further ext~~sion of cracks of'~ritical 'size, 
which will grow. spontaneously under a given applied stress. 
(5) In Chapter 3 it was hypothesized that failure of concrete 
at a given stress leve1 may occur when a critical con-
figuration of microcracks is reached, which is independent 
of the load history causing these cracks to form. How-
ever~ studies of surface crack growth in concrete have 
shown that the microcrack configuration is not unique, 
but depends on the load historyo This is discussed 
further in Chapter 6. 
(6)· Most failed specimens showed large inclined cracks at 
failure which are continuous and which traverse the 
entire or a major part of the specimen. Therefore, it 
was·proposed in Chapter 4 that failure of concrete is 
the result of the formation of an inclined failure sur-
face which forms as a consequence of the interaction of 
the cracks in the system. The studies nn model~ with 
simplified crack systems described in Chapter 5 support 
this proposition. It was found in the model studies that 
sufficiently close cracks with various relative positions 
to one anothe~ in most cases, coalesce at a certain critical 
stress as a result of crack interaction and eventually 
pass through the entire specimen so that an inclined 
failure surface will be formed. Similarly, failure of 
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concrete results from the progressive joining of small 
cracks until a crack large enough is formed, which will 
lead to spontaneous crack extension', and eventually, to 
the formation of an inclined failure surface. 
(7) The formation of an inclined failure surface in a 
short-time test may be delayed or prevented by a con-
tinuous reduction of the applied load, thereby'permitting 
the straining of the specimen into the descending 
portion nf the stress-strain diagram. This reduction 
of the load, along with the arresting action of the 
aggregate~ restrains unstable growth of the critical 
crack and, consequently, failure surface formation. 
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TABLE 3.1 
DETAILS OF TEST SERIES ON CONCRETE SPECIMENS 
S eri es Surface Type of ~~aximum Stress Number of 
Designation Condition Test Stress Level Range S~ecimens Tested 
03 Sawed Short-Time 1. 00 5 
Sustained 0.95 0.00 2 
04 As Cast Short-Time 1 .00 4 
Cyclic 0.95 0.95 3 
Susta i ned 0.95 0.00 3 
05 As Cast Short-Time 1 .00 4 
Cyclic 0.85 0.85 3 
Sustained 0.85 0 0 00 3 
06 Sawed Short-Time 1.00 5 
Cyclic 0.85 0.85 2 
Sustained 0.85 0.00 2 
07 Sawed Short-Time 1 .00 4 
Cycl i c 0.95 0.95 2 
0.85 0.85 1 
Sustained 0.95 0.00 1 
0.85 0.00 1 
TABLE 3.2 
STRENGTH DATA FOR SHORT TIME, CYCLIC, AND SUSTAINED LOAD TESTS 
ON CONCRETE SPECIMENS, SAWED SURFACES 
Type Stress Test Specimen Compressive Strain at Failure Strain for Time to Cycles to 
of Level Series Number Strength of Maximum Cyclic and Sustained Failure Failure 
Test Prisms, f Load, E 1u Tests, E lcu ' E 1tu t nu cup u 
(psi) ( in. / in. x 1 0 - 3) (in./in.x10- 3) (hrs:min:sec) (cycles) 
Short D3 1 3570 1 .81 
Time 
2 3590 2.06 
3 3620 1.87 N 
U1 
D6 1 3640 1.69 
2 3800 1.56 
3 3960 1 .56 
Average 3730 1.76 
Cyclic 0.95 03 2.31 15 
2 2.25 22 
07 1A 2.09 5 
2 2.25 19 
Average 2.22 * 14 
0.85 06 3.13 206 
3 2.87 810 
TABLE 3.2 (Cant.) 
Type Stress Test Specimen Compressive Strai.n at Failure Strain for Ti me to Cycles to 
of Level Series Number Strength of fYlaxi mum Cyclic and Sustained Failure Failure 
Test Prisms, f Load, Elu Tests, Elcu' Eltu t nu (psi) cup u 
( in. / in. xl 0- 3) (in./in.xlO- 3) (hrs:min:sec) (cycles) 
07 4A 2.03 60 
* Average 3.01 215 
Sus- 0.95 03 3.50 0:13:10 
tained 
2 2.37 0:13:32 
N 
3 2.47 0:13:07 CJ) 
07 2.16 0:05:00 
* Average 2.37 0:09:28 
0.85 06 2 2.00 0:38:00 
3 3.78 42:00:00 
07 2 2.22 1:34:00 
* Average 2.67 2:16:00 
* Logarithmic average 
Type Stress Test 
of Level Series 
Test 
Short 04 
Time 
05 
Average 
Cyclic 0.95 04 
Average 
0.85 05 
TABLE 3.3 
STRENGTH DATA FOR SHORT TH~E, CYCLIC, AND SUSTAINED LOAD TESTS 
ON CONCRETE SPECIMENS, AS CAST SURFACES 
Specimen Compressive Strain at Failure Strain for Time to 
Number Strength of Maximum Cyclic and Sustained Failure 
Prism~, fcup Load, E lu Load Tests t u (pSl) (" /" 10-3) E E (hrs:min:sec) In. In.x , 1 cu '. 1 tu 
(in./in.xlO- 3) 
3600 2.00 
2 3750 2.06 
3 3600 1 .88 
1 3450 1.94 
2 3330 1 .87 
3 3420 2.19 
4 3450 2.12 
3514 2.01 
2.00 
2 2.16 
3 2.37 
2.18 
2.79 
Cycles to 
Failure, n 
u 
(cycles) 
N 
-.......J 
12 
17 
30 
* 18 
223 
TABLE 3.3 (Cont.) 
Type Stress Test Specimen Compressive Strain at Failure Strain for Time to Cycles to 
of Level Series Number Strength of r'~axi mum Cyclic and Sustained Failure Fa i 1 ure, nu 
Test Prisms, f Load~ slu Load Tests t (cycles) ( .) cup 3 U 
PSl (in./in.xlO- ) slcu' S-Itu (hrs:min:sec) 
(in./inoxlO- 3) 
2 2.'50 167 
3 3.00 271 
* Average 2.76 217 
Sus- 0.95 D4 1 2.22 0:13:13 
tained N 
co 
2 2.66 0:29:26 
3 2.84 0: 19: 54 
* Average 2.57 0:19:47 
0.85 D5 1 3.31 3:14:00 
2 3: 31 1 : 45: 20 
3 4:37 7: 21 : 15 
Average * 3.66 3:28:00 
* Logarithmic averages 
TABLE 3.4 
VARIATION OF AVERAGE CRACK PARAMETERS FOR SHORT TIME TESTS 
AVERAGE FAILURE PARAMETERS FOR SUSTAINED LOAD TESTS 
AND CYCLIC JESTS ON CONCRETE SPECIMENS, SAWED SURFACES 
Type of Stress Longi tud-rn-a-' --~Tota 1 Crack Length Average Length Average Crack* Average Crack 
Loading Level Strain, El Traced Area of a Crack Orientation Spacing 
(in./in.xlO- 3) (in./in.
2) (i n. ) (0) ( in. ) 
Short 0.0 0.0 0.29 0.08 23 2.76 
Time 
0.85(A)t 1 .0 0.44 o. 11 29 2.37 
0.95(A) 1.25 0.59 0.12 23 1.72 
N 
1..0 
1.00 1.76 1.00 O. 12 1.40 
0.95(0) 2.06 1.40 0.16 22 0.72 
0.85(0) 2.50 1 . 71 0.18 20 0.68 
0.50(0) 3.25 2.76 0.24 15 0.32 
Cyclic 0.95 2.25 1 .36 0.31 20 0.72 
0.85 3.01 2.00 0.27 18 0.64 
Sus- .0.95 2.37 1.68 0.26 17 0.66 
tained 
0.85 2.67 2.43 0.22 21 0.46 
* Measured from loading direction 
t Refers to ascending (A) and descending (0) portions of the stress-strain curve 
TABLE 3.5 
VARIATION OF AVERAGE CRACK PARAMETERS FOR SHORT TIME TESTS 
AND AVERAGE FAILURE PARAMETERS FOR SUSTAINED LOAD TESTS 
AND CYCLIC TESTS ON CONCRETE SPECIMENS, AS CAST SURFACES 
Type of Stress Longitudinal Total Crack Length Average Length Average Crack* Average Crack 
Loading Level Strain, El Traced Area of a Crack ·Orientation Spacing 
(in./in.x10- 3) (in./in. 2} ( in. ) ( 0 ) ( ~i n. ) 
Short 0.0 0.0 0.64 0.12 32 -1.78 
Time 
0.85(A)t 1 .0 1.08 0.15 25 -1.21 
0.95(A) 1.38 1 .00 0.15 21 -1.01 
w 
0 
1.00 2.01 1.40 0.15 0.75 
0.95(0) 2.25 1 .99 0.16 16 0.49 
0.85(0) 2.62 2.18 0.18 16 0.44 
0.50(0) 3.31 2.73 0.25 16 0.26 
Cyclic 0.95 2.18 1.86 0.21 18 0.54 
0.85 2.76 3.45 0.15 13 0.30 
Sus ta i ned 0.95 2.84 2.08 0.23 13 0.50 
0.85 3.66 3.18 0.20 13 J 0.30 
* Measured from loading direction 
t Refers to ascending (A) and descending (D) portions of the stress-strain curve 
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TABLE 3.6 
DATA ON CRACK GROWTH MEASURING TECHNIQUES 
Slice Tot Crack Length Average Crack Spacing 
Number Traced Area ( i no) 
(ina/in. 2) 
Cornell U of T Cornell U of I ... 
2.71 20 66 0.51 0.59 
2 2.73 2.58 0.50 0.39 
TABLE 3.7 
TOTAL CRACKING IN l-IN. STRIPS, 
FROM REFERENCE 45 
Strain, Ef Total Cracking in 1-in. Strips ( in 0 ) 
. -6) A B C D E F (in./inox10 
1700 19.82 16.52 16.01 17.48 14.58 20.51 
2185 7.35 10.10 9.31 6.72 12.38 10.22 
2600 27.77 28.36 29014 27.67 20.73 24.96 
2460 24.60 18081 21.07 21 .81 18.68 19.49 
. Crack Length 
2c 
(i n. ) 
Average 
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TABLE 5.1 
AVERAGE ORIENTATION OF INITIAL BRANCH EXTENSION 
IN PLASTER MODELS, SINGLE CRACKS 
Average Inclination at Initial Branch Extension, 8. (0) le 
-66 -60 
-64 -64 -52 
-62 -44 
-64 -62 -48 

TABLE 5.2 (Cont.) 
Crack ¢ = ZJ.5° ¢ = 30:0 ¢ = 15° 
Length Load at Initial Load at ~~ode of Load a t I ni t i a 1 Load at Mode of Load at Initial Load at Mode of 
2c Crack Extension Fa il ure Fa il ure Crack Extension Fa il ure Failure Crack Extension Failure Fa il ure 
(i n . ) p. (1 bs ) Ppu P. le le 
(1 bs) 
(lbs) P pu (1 bs ) P. le (1 bs ) Ppu (lbs) 
1.0 1300 2470 Shear 1300 2800 Shear & 1900 3220 Shear 
Splitting 
w 
1900 2970 Splitting 1700 3400 Splitting 2800 3400 Shear -f:::. 
1800 2810 Shear 1500 3100 Shear & 2000 3160 Local 
Splitting 
1800 2640 Shear 1800 3200 Shear 2800 2940 Local 
1600 2680 Shear 1300 3020 Shear 2300 3550 Spli tting 
1800 2480 Loca 1 1100 2700 Local 2700 2840 Local 
1800 3020 Local 1500 3260 Shear 
Note: For control specimens (without cracks) the average failure stress was 2310 psi (individual values ranged 
from 2140 to 2520 psi) 
Crack Length 
2c 
( in. ) 
0.6 
0.8 
1 .0 
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TABLE 5.3 
AVERAGE STRESSES AT INITIAL CRACK EXTENSION 
IN PLASTER MODELS WITH SINGLE CRACKS 
Average Stress at Initial Crack Extension 
f. le 
(ps i ) 
¢ ::": 45° ¢ = 30° 
1710 1400 
1400 1050 
1140 970 
TABLE 5.4 
ESTIMATES OF STRESS INTENSITY FACTORS 
¢ = 15° 
1640 
1544" 
AT INITIAL CRACK EXTENSION IN PLASTER MODELS WITH SINGLE CRACKS 
Crack Length Stress Intensity Factor at Initial Crack Extension,K1I . 2c . 1 e 
(i n. ) (psi~) 
¢ = 45° ¢ = 30° ¢ = 15° 
0.6 497 452 
0.8 470 392 408 
1 .0 430 406 431 
Crack Length 
2c 
* 
( in. )_ 
0.6 
0.8 
1 .0 
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TABLE 5.5 
* AVERAGE STRESSES AT FAILURE OF PLASTER MODELS 
WITH SINGLE CRACKS 
Average Stress at Failure; fpu 
(psi) 
¢ = 45° 
2340 
2260 
1815 
2253 
2160 
2090 
Disregarding premature local failures 
2225 
2120 
TABLE 5.6 
RESULTS .OF TESTS IN PLASTER MODELS WITH COLLINEAR CRACKS (2c = 0~6 in.) 
Crack cj> =45 0 cj> _ 30° 
Spacing Load at Initial Load at Was There t~ode of Load at Initial Load at Was There t~ode of 
2a Crack Extension Failure Center Failure Crack Extension Failure Center Failure 
(i n. ) Pie (lbs) Ppu Joining? P. (1 bs) Ppu Joining? le 
(1 bs) (1 bs) 
0.3 2000 2580 Yes Shear 2000 2420 Yes Shear 
1800 2840 Yes Shear & 1700 2680 Yes Shear & 
Splitting Splitting 
1800 2480 Yes Shear 1700 2600 Yes Shear ---' 
w 
-.......J 
0.6 2600 2760 Yes Splitting 1900 2520 Yes Shear 
2900 3200 Yes Splitting 1500 2440 No Local 
2500 2940 Yes Shear & 2000 2360 Yes Local 
Splitting 
1 .2 2100 2880 Yes Shear & 2050 3220 No Shear 
Splitting 
2300 3300 No Local 2100 2620 No Local 
2400 3080 Yes Shear & 2300 3080 Yes Shear & 
Splitting Splitting 
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TABLE 5.7 
AVERAGE STRESSES AT INITIAL CRACK EXTENSION 
IN PLASTER MODELS WITH COLLINEAR CRACKS (2c = 0.6 in.) 
Crack Spacing 
2a 
(i n. ) 
0.3 
0.6 
1 .2 
00 
p = 4g~' 
1245 
1778 
1511 
1710 
Average Stress at Initial Crack Extension 
f. le 
(psi) 
¢ = 30° 
1200 
1200 
1433 
1400 
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TABLE 5.8 
AVERAGE ORIENTATION OF INITIAL BRANCH EXTENSION 
IN PLASTER MODELS WITH COLLINEAR CRACKS (2c = 0.6 in.) 
Crack Spacing 
2a 
(i n. ) 
0.3 
0.6 
1 • 2 
ex> 
Average 
Average Inclination at Initial Branch Extension 
8. 
le 
( 0 ) 
~ = 30 0 
-68 -64 
-66 
-71 -52 
-62 -64 
-67 -61 
Crack Spacing 
·2 a 
(i n. ). 
0.3 
0.6 
1 .2 
00 
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TABLE 5.9 
ESTIMATES OF STRESS INTENSITY FACTORS 
AT INITIAL CRACK EXTENSION IN PLASTER MODELS 
WITH' COLLINEAR CRACKS (2c = 0.6 in.) 
Stress Intensity Factor at Initial Crack Extension 
KI1ie 
418 
543 
449 
479 
(ps i lin.) 
445 
407 
473 
452 
Crack Spacing 
2a 
* 
(i n. ) 
0.3 
0.6 
1 .2 
00 ' 
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TABLE 5.10 
* AVERAGE STRESSES AT FAILURE OF PLASTER MODELS 
WITH COLLINEAR CRACKS (2c = 0.6 in.) 
1755 
1975 
2060 
-2340 
'Averag€ Stt~ss-at Failure 
f pu 
Disregarding premature local failures 
cp = 30° 
1710 
1680 ' 
2150 
2253·· 
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TABLE 5.11 
AVERAGE ORIENTATION OF INITIAL BRANCH EXTENSION 
IN PLASTER MODELS WITH CRACKS ARRANGED IN STEP-LIKE PATTERNS (¢ = 30°, 2c = 0.6 in.) 
Overl ap Between Average Inclination at Initial Branch Extension 
Cracks e . 
( i D ~ ) le (0) 
h = 0.0 in. h = 0.3 in. h = 0.6 
0.0 -60 -60 
-0.3 -66 -59 -72 
-0.6 -52 -53 
in. 
TABLE 5.12 
RESULTS OF TESTS ON PLASTER MODELS WITH CRACKS ARRANGED IN STEP-LIKE PATTERNS (<1>=30°, 2c=O.6in.) . . 
Overlap h = 0.3 in. h = 0.6 in. 
Between Load at Initial Load at Was There Mode of Load at Initial Load at t~as There r~ode of 
Cracks Crack Extension Failure Center Failure Crack Extension Failure Center Failure (i n. ) P. (1 bs) P Joining? P. (1 bs) P Joining? le pu le pu 
(1 bs) (1 bs) 
0.0 1900 3190 Yes Shear 1800 2940 Yes Splitting 
2100 3610 Yes Shear 1700 3120 No Local 
~ 
2200 3380 Yes Splitting 1700 2890 Yes Not Clear w 
2500 3410 Yes Splitting 
-0.3 2000 3010 Yes Splitting 1800 2740 No Local 
1900 3220 No Shear 1800 2900 Yes Splitting 
2200 3350 Yes Shear & 1400 3080 Yes Shear & 
Splitting Splitting 
-0.6 2100 3350 No Local 1500 2310 No Local 
1920 No .Loca 1 1800 2550 Yes Shear & 
Splitting 
2100 3550 No Shear 2200 3430 No Splitting 
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TABLE 5.13 
AVERAGE STRESSES AT INITIAL CRACK EXTENSION 
IN PLASTER MODELS WITH CRACKS ARRANGED IN STEP-LIKE PATTERNS 
(~ = 30°, 2c = 0.6 ino) 
Overlap Between 
Cracks 
Average Stress at Initial Crack Extension 
f. le 
* 
(i n. ) 
h = 0.0 
* 0.0 920 
0.3 1200 
0.6 1433 
Single 1400 
in. 
(psi) 
h = 0.3 in. h = 0.6 in. 
1450 
1355 
1400 
1400 
1292 
1305 
1355 
1400 
Val ue obtained byextrapo la t i ng the stress es of s i ng1 e cracks wi th 
~ .::: 30o'wit~ -the-- case of2,c = 102 in. 
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TABLE 5.14 
* AVERAGE STRESSES AT FAILURE OF PLASTER MODELS 
WITH CRACKS ARRANGED IN STEP LIKE PATTERNS (¢ = 300~ 2c = 0.6 in.) 
Overlap Between 
Cracks 
* 
(i n. ) 
0.0 
0.3 
0.6 
Single 
Average Stress 
fpu 
h = 
(Esi) 
0.0 in. 
2020t 
1680 
2150 
2253 
Disregarding premature local failures 
at Failure 
h = 0.3 in. h = 0.6 
2265 1900 
2130 1995 
2300 1995 
2253 2253 
t Value obtained by extrapolating the stresses of single cracks with 
¢ = 300 to the case of 2c = 1.2 in. 
in. 
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TABLE A.l 
STRESS FIELD. EQUATIONS ASSOCIATED WITH 
MODES I, II, AND III, FROM REFERENCE 64 
~~ode I 
cos ~11 
c.. 
- Sil1 ~ sin 3~J 
c.. ' c. 
KI 8 [1 '. 8 . 38 J 
cr = -- cos "2 + Sln '2 Sln 2 
y /27Tr ' 
KI . 8' 8 38 
Txy = '-,,- Sln "2 cos '2 cos "2 
, 12'ITr 
Common to Madej and II 
0xz = ayz = 0 
for plane stress 
a = 0 z 
for p 1 a ne stra'i n 
° = v {o + a ) Z 'x y 
Mode II 
'
a X = - K I lsi n ~ [2 + cos ~ cos· 3,,8 1 
127Tr c. c.., c.. -
KI I . 8 8 38 
ay = -- S 1 n - COS - cos -127Tr 2 2 2 
Kr I 8 3 [1 . 8 . 8 J T =,--cos'2 -sln"2s1n2 
xy 127Tr 
Mode III 
-KI I I . 8 
TXZ = Sln '2 /27Tr 
KI I I 8 
Tyz =-- cos -127Tr 2 
ax = a = °z = T = 0 Y xy 
FIG. 3.1 VIEW OF CONCRETE PRISM WITH ALUMINUM GAGE POINTS (From Ref. 18) 
FIG. 3.2 VIEW OF CLIP GAUGES MOUNTED ON A CONCRETE. PRISM (From Ref. 18) 
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FIG 3.3 VIEW OF TEST SET-UP 
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(a) T = 0.0 
FIG. 3.5 
-(d) T = 0.63 . (e) T = 1.00 
SURFACE CRACKING AT DIFFERENT STAGES OF A SOSTAINED LOAD TEST, 
. SURFACES AS CAST: f = 0.95 f 
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direction 
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d~i recti on 
of loading 
(d) fC/fcup = 0.92 (down) (e) fc/fcup = 0.63 (down) 
FIG. 3.6 SURFACE CRACKING AT DIFFERENT STAGES OF A SHORT TIME TEST, SAWED SURFACES 
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.FIG. 3.7 SURFACE CRACKING AT DIFFERENT STAGES OF A CYCLIC LOAD TEST, SAWED SURFACES: 
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(a) T = 0.0 (b) T = 0.002 
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FIG. 3.8 SURFACE" CRACKING AT DIFFERENT STAGES OF A SUSTAINED LOAD TEST, SAWED SURFACES: 
fmax = 0.85 fcup 
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FIG. 3.26 PHOTOGRAPH OF A SPECIMEN AFTER FAILURE SHOWING ~nDE 
INCLINED CRACKS ON PARALLEL SURFACES 
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FIG. 3.27 PHOTOGRAPH OF A SPECIMEN AFTER FAILURE SHOWING WIDE INCLINED 
·CRACKS ON ADJACENT SURFACES 
FI G. 3.28 PHOTOGRAPH SHOWI NG FRAGr~ENTS OF A CEMENT PASTE CYLINDER 
AFTER FAILURE (Courtesy of Richard Burrow) 
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"FIG. 3.29 PHOTOGRAPH OF LARGE PLAIN CONCRETE CYLINDERS AFTER FAILURE 
(From Ref. 6) 
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FIG. 5.8 PHOTOGRAPH SHOWING A TYPICAL ELEMENT FAILURE OBSERVED IN A 
SINGLE CRACK MODEL: ¢ = 45°, ~c= 1.0 in. 
FIG. 5.9 PHOTOGRAPH SHOWING TYPICAL SHEAR FAILURES-OBSERVED IN SINGLE 
-CRACK MODELS: ¢ = 30°, 2c = 0.8 in. 
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FIG. 5.10 PHOTOGRAPH SHOWING CRACK EXTENSION IN A SINGLE CRACK MODEL;' 
¢ = 15°, and·2c = 0.8 in. 
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FIG. 5.13 PHOTOGRAPH SHOWING A FAILED MODEL WITH TWO COLLINEAR CRACKS: 
¢ = 45°, 2c = 0.6 in., 2a = 0.6 in. 
FIG. 5.14 PHOTOGRAPH SHOWING A FAILED MODEL WITH TWO STEP-LIKE CRACKS: 
. ¢ = 30°, 2c = 0.6 in., h = 0.3 in., overlap = -0.3 in. 
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FIG. A.1 DIAGRAM SHOWING THE LOCAL CRACK TIP COORDINATE SYSTEM FOR 
A CRACK IN THE x-y PLANE 
(a ) Open ing, Mode I (b) Sliding,ModeI[ (c) Tearing,Mode ro: 
• FIG. A.2 DIAGRAM SHOWING THE THREE INDEPENDENT MODES OF RELATIVE 
CRACK SURFACE MOVEMENT 
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APPENDIX 
A. BRIEF REVIEW OF FRACTURE MECHANICS 
A.1. Introducti on 
Brittle fracture of solids is often initiated by crack-like flaws 
or imperfections~ which under load cause high stress concentrations. These 
flaws may result from certain material characteristics such as voids, in-
clusions, or the particular microstructure, from methods of design and fabri-
cation~ or from serv'lce history, e.g., fatigue cracks developing during 
repeated loading. 58 Under increasing stress, the local stress concen-
trations produced by these flaws may reach high enough levels to cause the 
rupture of cohesive bonds at the atomic level and thus lead to crack 
extension. Crack extension can occur in three stages: subcritical (slow) 
extension, transition~ where the speed increases from a slow to a fast 
speed~ and rapid crack propagation. There 1s an abrupt transition from 
slow to rapid crack extension, which is normally associated with a critical 
crack lengtho This transition is also associated with imminent failure. 
Ao2o Fracture Criteria 
The problem of fracture has been studied at the atomic level, 
where considerable qualitative knowledge on the mechanisms of crack 
initiation has been gainedo However~ for the purpose of stress analysis 
it is better to assume that the cracks, voids,'or other imperfections 
are sufficiently large so that the tools of continuum mechanics can be 
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applied o The most significant macroscopic theories of fracture, which try 
to predict the onset of rapid crack extension using continuum mechanics, 
will be discussed in the followingo 
Aq2010 Limiting Stress Criteria 
Ingli s39 mad~ a study of the stresses in the neighborhood of 
an elliptical flaw in a two-dimensional plate loaded in simple tension. 
He found that· the stress at the apex of the major'axis, in the direction 
of the applied load can be given by the following relation:: 
where ~ 
(ay)max = apex stress in direction of applied load 
a = applied uniaxial stress 
c = major semiaxisof ellipse 
be = minor semiaxis of ellipse 
The system with an elliptical flaw is shown in the following sketch; 
(A.1) 
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If c » b (as would be the case for a crack-like f~aw) the stress is 
e 
approximately given by, 
where, 
p = radius of curvature at the crack tip 
(A. 2) 
Inglis suggested that if this stress became 1arg~ enough, fracture would 
occuro 
Orowan 59 proposed that for a simple tension case, the specimen 
woul'd fail when the value of (ay}max reached the theoretical cohesive 
strength of the material: 
a = iTyEE theoreti cal /-
v' as 
(A. 3) 
where, 
y = surface tension 
E = modulus of elasticity 
as = interatomic spacing 
By equating (Ao2) and (A.3) and assuming as equal to p he found 
that the tensile stress at failure was given by, 
a = f 
an ex~ression which is similar to the one obtained by Griffith40 using 
energy considerations {see eq. (A.8)). 
(A.4) 
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Ao2.2G Energy Criteria 
These criteria are based on the Law of Conservation of Energy, 
and propose that the energy necessary for crack extension is supplied by 
the energy released by the system as a result of crack extension. These 
criteria postulate that the onset of rapid crack extension is reached 
when the energy release per unit increase in imperfection area is equal 
to or greater than the energy required for the same crack extension. 
This inequality is usually expressed as follows: 
where Sl 
dX + dU > dS + dP 
dA 0 dA. - dA. erA 0 
111 1 
dX = work done by external forces per unit increase dJl\ 0 
1 
in imperfection area 
dU 
= ClA". 
1 
elastic strain energy released per unit increase 
in imperfection area 
dS 
= dA. 
1 
surface energy absorbed per unit increase in 
imperfection area 
dP 
= erA. 
1 
plastic work dissipated throughout the body during 
a unit increase in imperfection area 
(A.5) 
Griffith40 studied the problem of an elliptical crack in an 
infinite~ two=dimensional plate loaded in simple· tension. He considered 
only the second and third terms of the inequality (A.5), for which he 
found that\) 
where, 
2 2'rrca 
E' 
dS = 4y dA, 
1 
2c := crack 1 ength 
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(plane stress) (A.6) 
(A.7) 
The remaining terms have been defined in connection with the equations in 
the preceding section A.2.l. By equating the two terms he found that the 
failure stress is equal to: 
af = ,/2y E (plane stress) 
\t TIC 
(A. 8) 
Irwin and Orowan 60 ,61 modified the Griffith expression (A.8) to 
account for plastic deformations, which usually occur in metals (i .e., 
the fourth term of the inequality(A.5)was also included). The resulting 
failure stress is~ 
2(y+Wp)E (A.9) 
TIC 
where, 
Wp = work used up by plastic deformations 
Irwi n52 suggested that instead of considering all the energy 
of the system, it would suffice to study the stresses and displacements 
in the vicinity of the crack tip. He observed that, in general, these, 
stresses and displacements can be characterized in terms of three para-
meters K1, K11 ,' and KIll' The equations for the stresses have the 
following general form: 
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a as (A.10) 
where ex and S take appropriate values of the--ca.rtesi..ancoordinates x, y, 
and z" The meaning of r, e for a crack with a leading edge in the x,y 
* plane is shown in Fig. A.lo The three parameters KI , KII , KIrT correspond 
to the th'ree independent modes of re 1 at; ve movement between the upper and 
lower surfaces of a cracko They are shown in Fig. A.2.* The functions 
fI (e) fII(e) fIII(e) describe the distribution of stresses as function as ~ as ' as 
. * of e and correspond to the same three modes of relative movement. Tab 1 e A.l 
shows the stress field equations associated with these three modes of 
movement o 
The parameters uiK H are known as the stress intensity factors. 
They depend on the geometry of the system under study (including the 
crack) and on the app 1 i ed load. Once the stress in ten s i tyfactor $ ," K, 
reach, limiting values, Kc~ which depend on the material and can be 
determined experimentally, rapid crack extension occurs. These critical 
values of the stress intensity factors are known as fracture toughnesses. 
The main problem i in predicting failure of a particular cracked system, 
then, is to determi ne the· expres s ions for II K" for th e sys tem. 
Irwi ns2 showed that the use of fract0re toughness as a criterior 
for fracture is equivalent to the energy criterion described earlier. 
He showed that the stress intensity factors (K1, KII , KIIl ) are related 
to the strain energy release rates (G1, GIl' GIII ) for the plane stress 
case in the following manner: 
* Figures Aol and Ao2 are given on page 184, Table Aol is given on page 146. 
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K2 
I G :=-I E (A. 11 ) 
It must be observed that G i~ eqDivalent, at any 
stage, to the right hand side of the inequality (A~5). 
At the onset of rapid crack propagation it becomes equal to the other 
side of the inequality~ and therefore, 
G = c,(y + w ) c p (A. 12) 
where~ 
c, = proportionality constant 
thereby proving that the two criteria are the same. 
The advantage of the fracture toughness criteria for the 
prediction of the onset of fracture versus the generalized Griffith criteria 
revolves around the fact that it is,in general, easier to determine the 
expressions for "KII for a particular problem than to obtain the necessary 
energy terms 0 
For problems where two or more of the independent modes of 
relative crack movement occur simultaneously, Irwi n62 suggested that the 
controlling parameter at failure is the total strain energy release rate. 
Rapid crack growth will occur when~ 
(A.13) 
66 
which in terms of stress intensity factors can be interpreted as follows: 
Kr 2 K 2 KIll 
2 
(~- ) + (-.ll ) + (- ) = (A. 14) K1c KIIc KIIIc 
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A.3o Propagation ofCrac"ks'Inc1ined to the Direction of Loading 
It is well'.known that'in a tension field with an initial crack 
perpendicular to the loading direction, further crack growth, in general, 
follows the original crack direction, i.e., a direction normal to the 
axis of loading~ However, this is not true in the case of a straight, 
inclined crack in a tension field as crack extension deviates from the 
ori.ginal crack orientation. 
In 'an ,attempt to predict the direction'of further crack growth 
of-a'straight~ inclined crack in a tension'field~ Sih and Liebowitz63 
proposed that a crack will extend in the direction of maximum radial 
tensile stress. Using·afracture mechanics solution they were able to 
obta in the stresses in the vi ci n i ty of the crack .ti p' in terms of Kr and 
KIro' With the expressions for these stresses they were able to predict 
quite:successfully the direction of further growth for different 'inclina-
tions of original cracks. 
Cotterel1 48 has proposed that generally, a crack will grow 
in the. direction which maximizes· the strain energy release as a result 
of crack extension. He showed that for the case studied by Sih and 
Liebowitz 63 the direction of maximum radial tension is, indeed, the 
direction which maximizes the strain energy released. 
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APPENDIX 
B. DETAILS OF COMPUTATIONS USED IN THE ANALYTICAL STUDY 
Bolo Determination of the Direction of Maximum Radial Shear at the 
Tip of a Crack in a Compression Field 
To determine the direction in which the maximum shear stress at 
a crack tip is developed, the first derivative of the shear stress with 
respect to e is set equal to zero. Once again, it is only necessary to 
cons i der the stresses gi ven by equati on (5.6), 
KII e 
Tre := [(3 cos e - 1) cos 2'] 2j2'ITr 
(B.l ) 
Substituting the expression for KIr given by equation (5.7b), the shear 
stress can be expressed as, 
1 rc ( 0 • 2 ) [( 1 ) 'e] T re := 2,:i 2r Sln ~ cos ~ = 11 Sln ~ 01 3 cos e - cos '2 
(B.2) 
Differentiating equation (Bo 1) with respect to e yields the following 
expre.ssion SJ 
1 . 8] 
+ "2 Sln "2 (B.3) 
By equating B.3 to zero and recognizing that, in general, the first three 
terms in equation (B03) will be different from zero, it is therefore 
necessary that, 
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O 3 ( c e 2· e )- 1 0 e ~ =2' cos e s 1 n "2 + S T n e CO s"2 + P 1 n "2 (8.4) 
Introducing double angle identities the expression becomes, 
O 3(2 2 1) Q e 6' e 2 e 1 0 e ;:; -2 cos e = S 1 n2 - S 1 n2 cos "2 + ~ 1 n "2 (8.5) 
or, 
o :: (- 9 cos 2 ~ + 2) sin ~ (B.6) 
Therefore, either 
o e 0 Sln ~ :: 
which gives a value of e - 0°, or, 
(B.7) 
e· /?) 
cos "2:: ±YL 
3" 
i.eo~ e = ±124°o By substituting these values for e into equation (B.l) 
it can be found that the largest value ofTre is obtained for e = 0
0
• 
This value of T. re is equal to~ 
B.2. Does Crack Extension Along the Direction of Maximum Shear, 
L re , Result in a Maximum Value of the Strain Energy Released? 
(B.8) 
8ueckner~s49 expression for the strain energy released as a result 
of crack extension (eq. (5ol))can be expressed as follows for the case of 
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radial crack extension: 
(B.9) 
Cotterell 48 proposed that crack extension will occur in the direction which 
maximizes Ud" For radial crack extension the conditions necessary for a 
maximum value of Ud can be expressed as follows: 
aae + 
- u-) + a a (+ -) aT re + ~) a (+ -) 88(ue as ue - ue + 88 (ur - ur + Tre 88 ur - ur = a e e 
(B.10) 
and 
2 
82 + aT re aae a + a ae .+ 
- u-) - u-) a (+ -) - u-) 
--2(ue + ae -2 (u + 2-- - u - u + 2 88"":a.e (ue e ae e e ae ae r r e ae 
(B.ll) 
For e = 0° it has been shown that T
re 
is stationary. If the value 
of e = 0° is substituted in the expression forae in eq. (5.61 a value of 
ae'= a is obtained. Since the shear str€ss~ Tre , is a maximum, the sliding 
relative displacements,' (u; - u~), are also a maximum. Since ae = a the 
opening relative displacements, (u; - u;), are equal to zero. Considering 
all these factors it is easy to see that eq. (B.10) is satisfied for e = 0°. 
The first-three terms in the· inequality' (B.ll) are equal to zero. 
Since Tre and (u; - u~) are maximum values, the fifth and sixth terms are 
negative. The third term, on the other hand, will always be positive. 
Therefore, it is not possible to determine whether the strain energy released 
is a maximum for the direction e = 0°. 
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8.3. Determination of the Radial Direction Normal to the Maximum Tensile 
Stress at the Tip of a Crack in a Compression Field 
The shear stress is equal to zero in the direction of the maximum 
tensile stress o If-the shear stress in eq. (8.1) is equated to zero, the 
following expression is obtained, 
o :; (KIIl [(3 cos e - 1) cos ~J 
2-12-rrr I 
(8.12) 
Since the first term is~ in general, different from zero, it is necessary 
that, 
o = (3 cos e = 1) cos t (8.13) 
Therefore~ either, 
e 
cos 2" = 0 (8.14) 
which corresponds to the crack boundaries (e = ±n), in which case ae is 
zero (for the boundary stresses considered), or 
_ 1 
cos e - !_ (8.15) 
which corresponds to e = ±70.5° o A closer examination of the two possible 
directions 'reveals that for e equal to +70.5°, the normal stress is com-
pressive (eqo 50 6). For 8 equal to -70.5°, a tensile stress is developed. 
Its magnitude is: 
(8.16) 
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Therefore~ the radial direction normal to the maximum tensile stress, ae, 
is e = =70 0 Soo 
B0 40 Does Crack Extension Along the Direction Normal to the Maximum 
Stress~ ae, Result in a Maximum Value of the Strain Energy Re1eased? 
In order for e = =70.So to provide a maximum value for the strain 
energy released i Ud, it is again necessary that expressions(B.10) and 
(B.ll) be satisfied o 
For e = =700So it has been shown that ae is a maximum and that 
Tre = 00 Similarly~ (u; = u~) must be a maximum, and (u; - u~) must be 
equal to zeroo Considering these factors, it is easy to show that the 
expression (BolO) is again satisfied for e = -70.So. 
It also can be shown that the last three terms of the inequality 
(B.l1) are equal to zero. Since ae and (u; - u;) are maximum values, 
the first two terms in the inequality must be negative. The third term, 
on the other hand, will always be positive. Therefore, once again it is 
not immediately obvious whether e = =70.So provides a maximum value for 
the strain energy re1easedo 
B.S. Discussion 
On the basis of the results-obtained, it is not possible to 
determine whether-the directions of maximum-shear stress, L re , and maximum 
tensile stress, ae~ are directions-of-maximum strain energy released as 
a result of crack extension. Nevertheless, it is known that these 
directions give stationary values for Ud" In lieu of more information 
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it can be concluded that they are potential directions for crack €xten-
sion. This does not mean that they are the only directions of crack 
extension, although they seem to be the most likely. 
